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Abstract. We present a unified principle for science that surmounts dualism, in terms of 
torsion fields and the non-orientable surfaces, notably the Klein Bottle and its logic, the 
Mobius strip and the projective plane. We apply it to the complex numbers and cosmology, 
to non-linear systems integrating the issue of hyperbolic divergences with the change of 
orientability, to the biomechanics of vision and the mammal heart, to the morphogenesis of 
crus-tal shapes on Earth in connection to the wavefronts of gravitation, elasticity and 
electromagnetism, to pattern recognition of artificial images and visual recognition, to 
neurology and the topographic maps of the sensorium,, to perception, in particular of music. 
We develop it in terms of the fundamental 2:1 resonance inherent to the Mobius strip and 
the Klein Bottle, the minimal surfaces representation of the wavefronts, and the non-dual 
Klein Bottle logic inherent to pattern recognition, to the harmonic functions and vector 
fields that lay at the basis of geophysics and physics at large. We discuss the relation 
between the topographic maps of the sensorium, and the issue of turning inside-out of the 
visual world as a general principle for cognition, topological chemistry, cell biology and 
biological morphogenesis in particular in embryology 


1.Introduction 

The objective of this article is to present a conceptual elaboration of fundamental issues of physics, 
namely the relation between divergences in hyperbolic geometry and non-linear science, to torsion 
fields and non-orientable topologies (the Mobius strip, the Klein Bottle and the projective plane) in 
several fields: cosmology, non-linear evolution equations and geophysics, to further apply them to 
biomechanics, perception, biology and chemistry. It is the nature of this paradigm and its current 
presentation in this article, that it can be read (presented) starting anywhere in its extension, alike to 
James Joyce Finnegans Wake , to return to this departing point finding the foundational elements 
once and again in the percourse of the presentation. Author Samuel Beckett has traced Joyce’s 
recursive wake to the cyclical structure of Giambattista Vico's seminal text Scienza Nuova (New 
Science), Newton’s contemporary, pioneer investigator of complexity and systemics, critical of 
Cartesian dualism, whose surmountal is very much the issue of this article. 

Physics has developed since Newton associated to a dualistic framework; the Third Law already 
is framed in terms of action and reaction; particles and antiparticles and CPT symmetry, are basic 
in quantum field theory. Einstein developed General Relativity with the conception of an absolute 
space, independent of self-reference and of the structure and processes of subjective experience, to 
which time was added as an additional variable related to space through the light-cone and the 
Lorentz invariance, while relativistic quantum mechanics indicates that it is the double covering of 
the Lorentz group the symmetry in question. 

Biology has taken a similar dualistic stance, on facing the problem of what is life, first raised by 
Schrodinger [1 . The organization of the cell, the development of the embryo and morphogenesis, 
when elaborated from a Newtonian perspective of physics which is very much resisted by biologists 
of the molecular biology persuasion, has also taken dualism as its basic cornerstone [2,3,65]. 



Biophysicists dealing with the buildup of organisms from the spherical mother cell, will start by 
claiming that they are spherical [2,3,4]. (or still, to others those organisms having bilateral 
symmetry are claimed to be toroidal [5,6]. Both are topologies which in a static conception the 
division of the world is already established in terms of the outside and inside, as is the case of the 
embryonic sphere. This division is done in disregard that algae Volvox Carteri, which 
developmental biologists have come to consider the case study for morphogenesis, turns inside-out, 
a fact [7] that mathematicians have already established in the so-called eversion of the 2- 
dimensional sphere [8]. Yet, in a dynamic conception, it is the case that through smooth 
transformations, the sphere can be turned inside-out (i.e. everted). This is the Smale Paradox of 
topology; it is not restricted to a sphere, a torus can also be everted. Yet, it is important to remark, 
that although the sphere and the torus, are orientable surfaces, the eversion requires that the turning 
inside-out is carried through half-way surfaces which are non-orientable; otherwise, it is 
conceptually impossible, though a detailed proof is lacking, to evert a surface. This is the case of 
eversion of the sphere proposed by mathematician Morin, which has Mobius strips in the half-way 
transformation of Inside and Outside, and also is the case of a half-way eversion through the Boy 
surface, which is the embedding in Euclidean 3D space of the non-orientable projective plane. Yet, 
a remarkable precursor to evertions turning inside-out a sphere or a torus, is the Klein Bottle 
surface, a two-dimensional self-contained manifold for which there is no global inside nor global 
outside but a dynamic holonomic structure which processually turns inside-out and outside-inside. 
For this surface there is no half-way surface to produce the transformation; it is its very nature to do 
so, in its construction and in its form; neither it is a matter of statics nor of dynamics to produce this 
transformation, but rather an issue of holonomy, in a sense which had for precursor the theory of 
quantum mechanics due to David Bohm [94], yet which integrates his implicate and manifest 
realms [14]. 

In a serious of articles, it has been demonstrated that the Klein Bottle has a crucial role in 
biology (embryological development and differentiation [9,10], cellular biology [11], the genetic 
code and its relation with the Dirac algebra of Quantum Mechanics [12], the problem of what is life 
[9], biochemical recognition and a quantum theory of chemistry in terms of Bohm’s theory of 
Quantum Mechanics [13], perception and anatomy-physiology [9,14,15,27-32], cybernetics and 
systemics [9,14], cognition and perception [9,15]. This paradigm operates providing a non-dual 
multistate logic, the Klein Bottle logic [9] which has a Matrix Logic representation [14-16] which 
has quantum, fuzzy and Boolean logics for particular cases, and allows to demonstrate that dualism 
is nothing but a projection of the superposed topological states (produced by non-orientability of 
surfaces) to the Boolean states, and still to recover from them the superposed states; in other words, 
dualism is not a primeval independent logic but a projection of the Klein Bottle logic. This may 
provide a unifying principle for science and further integrate it with the analytical philosophical 
tradition (of which Bertrand Russell was a paramount exponent) that claimed to the possibility of 
establishing a relation between philosophy and science based on the latter, yet which was in its 
formalization to be obsolete through its self-referential formulation in the Calculus of forms due to 
Spencer-Brown [13]; thus, paradox and self-referentiality that the analytical traditional wished to 
vanquish (and Godel Theorem remarked that it was impossible to do so for the natural numbers) 
was found to be the very roots of a logic with imaginary values, hitherto absent in logic. The 
fundamental idea is that a sign of distinction, provided with two simple rules of generation (one of 
them being formal nilpotence, say of the exterior differential of calculus of functions of many 
variables real or complex) allows not only to generate a formal system, but also time waves that 
stand for the imaginary logical values realizing the re-entrance of the system on itself. This sign was 
further associated to the torsion geometry of spacetime [14,15], which is already crucial to the 
current paradigm of physics in terms of symmetries, since in the theory of Lie groups their 
structural coefficients are the Christoffel coefficients of a torsion geometry. In the Matrix Logic 
formulation of the Klein Bottle logic, this torsion appears through the lack of commutativity of the 
True and False operators embodied in a cognition operator through which cognitive statements are 



translated into quantum statements for quantum states, and in the photon field, in particular 
associated to singularities that sustain quantum jumps ([19,20,15] and the decomposition of 
cognitive vacuum operator given by the null operator in Matrix Logic into twistors, thus unifying 
further the cognitive realm with rotational structures, which are further embodied as superposition 
states of the logic. In other words, the quantum and cognitive realms become integrated through 
vortical structures, whose topology is that of the Mobius strip and the Klein Bottle. So, torsion 
fields unseparably of non-orientable surfaces play a crucial role in this nascent paradigm of 
unification, providing the self-referential geometry of spacetime, cognition and logic, and still to the 
forms of life ([21,22] and crucial to biology at large ([9,10,11,12]. 

In the case of perception and the physiology of organisms, the division of Outside and Inside is 
also the case. In particular, the division of the world into the Exterior and Interior of a system, is 
very much ingrained in the sciences. Philosophers like Kant have tried to surmount this division by 
proposing noumenic and phenomenic worlds, which would somehow account for what he 
conceived to be a division between what there is and what can be known, in this case, of the world 
at large; in philosophical parlance, a division between ontology (what there is) and epistemics (how 
do we come to know about the world). Thus, for Kant, perception is the representation by our 
senses of the world out there, which is impossible to be fully cognized as it is, so we are 
constrained to represent a fleeting world, as from inside our senses and our cultural background as 
well. In fact, it appears to be untenable to prove that what we perceive is an outer world or an 
interior one, for that matter; cognition scientists have come to propose that instead of seeing an 
outer world, what we actually see is our brains [23], and thus it becomes impossible to establish a 
clear cut between the individual brain and that of the others. Indeed, unless we follow infinite 
regress, there is no absolute cognitive framework other than self-reference, a notion that is widely 
unacknowledged -if not resisted- in science and in particular, in relation to consciousness as an 
epiphenomenon, an emergence that is postulated to originate in non-computability originating in 
quantum processes on the brain, yet is formulated in terms of self-reference, yet denying it an 
ontological or epistemological principle [111]. 

We have argued that the photon is the ultimate physical process of self-referential nature and the 
eikonal equations of propagation of wavefronts of electromagnetic signals, to be the embodiment of 
self-reference [14,15,20]. This is rather general and even has a wide material manifestation. Indeed, 
Fock argued that the theory of relativity was conceptually wrong and that the ultimate reference 
frame to construct a theory of gravitation is the eikonal equation of the wavefront propagation of 
electromagnetic signals, i.e. fields that are discontinuous. These wavefront propagation of 
electromagnetic fields are null ahead of the wavefront and are discontinuous in the wavefront, 
which depends on the higher order of the derivatives, two, and thus will present first order 
discontinuities. They define, according to Fock, a universal reference frame, in terms of which 
physical reality comes to be [111]. Yet, due to the limitations of speed of light, for any field that 
has a limiting velocity of propagation, indistinctly of the propagation being in the vacuum or in a 
matter field, the equation for the wavefront propagation (the characteristics of the hyperbolic 
equations) are the eikonal equation, which rather than defining an objective geometry, they are 
related to torsion, which is essentially self-referential as the photon is -the photon is not seen but 
the seeing process [14,15,20]. So, whether it is a propagation of elasticity, electromagnetic or 
gravitational fields, either on the vacuum or in matter , say the surface of Earth, or the interior of a 
differentiating cell [11,2], they all have the same form of signalling their existence and 
manifestation in terms of the eikonal equations for light rays. In fact, these signals are invariant by 
the Lorentz group transformations, so they are universal in their self-referentiality. This Lorentz 
group invariance, was argued by Fock to be the basis for a theory of gravitation. These fields will 
all develop discontinuities on their propagating wavefronts which we shall see play a fundamental 
morphogenetic role, in particular on Earth’s crust, as we proved it waa the case of biological cells 
under differentiation. In this conception, this morphogenesis which manifests the diversity of reality 
as forms, has a self-referential origin, which is unconceivable for dualism, and still originates the 



physical world. In other words, rather than the emergence of consciousness, it is self-referentiality 
its source and that of the material world [9,14,15], 

The physics and mathematics of perception has already a tradition, established in the 19 th century 
by Fechner and von Helmholtz [24], that has been developed until present times, in particular in 
music [25], in vision [25,26,31,32] and pattern recognition [26,27], and in more general terms, in 
the search by neurologists of topographical maps of the sensorium, i.e. the existence of 
mathematical maps of the exterior sensorial input on our brains [27,28,29,30,31], mediated by the 
body [9,14,15,29]. In terms of the development of an early embryonic cell, the brain is by no means 
an interior to it, but a turning inwards of the ectoderm (exterior tissue), so this qualification of 
topographical maps being representations of an outer world in our brains as if the locus of our 
interiority, appears to be nothing but more of a the imposition of dichotomic thinking, which in this 
case, it turns out to be unwarranted, if not overtly wrong. It becomes patent that this conception is 
based on statics, and not in developmental considerations, the dynamics of forms and the problem 
of morphogenesis. They are the subject of non-linear science [33], and in particular, of the self¬ 
organization of systems, in particular, chemical, as dishpans convection experiments clearly shows, 
not to mention the generation of patterns from sound as empirically confirmed by Jenny’s Cymatics 
[35] (with Galileo and Chaldni for predecessors), discussed in Rayleigh’s treaty on sound [33]. 

In terms of number theory, the extension of the natural numbers to the integers, assume a duality 
and a non-compactification of them, which in placing the number system of measurements in terms 
of the real numbers (a practical impossibility, since cut-offs are inexorable) which Quantum 
Mechanics establishes to be the realm of what is being measured due to the use of self-adjoint 
operators whose spectra are real numbers. This is the case despite the fact that the complex numbers 
are essential to physics as the phase functions, yet appearing already in the classical harmonic 
operators, that linear combinations of the complex solutions of the characteristic polynomials of the 
differential equations allows to obliterate the square root of minus 1 in the solutions while keeping 
the oscillatory motions. 

Yet, most surprisingly ignored at large, is the fact that the linear superposition of waves, not only 
modulates the amplitude of the resultant wave, but also produces a modulation of the phase, that is 
manifested as a time shift associated to the interference patterns. This allows to make away with the 
complex numbers for the purpose of writing the wave created by the superposition, which can be 
thus written as the product of sinusoidal functions, yet introducing anticipatory behaviour by this 
phase modulation [36]. We have discussed already the relation between the Klein Bottle and 
anticipatory phenomenae [9,10,11,12,14,15] yet in this article, the issue will be presented in another 
way which has been very much overlooked, apparently even by astronomer Mobius himself, a 
fundamental implicit harmonic of the holonomity of these non-orientable topologies. Yet, this 
modulation of phase in the case of linear superposition of waves, will turn out to be of crucial 
importance with regards to visual perception and pattern recognition, to the crustal morphogenesis 
of Earth, to anatomy-physiology, again related to the Klein Bottle logic. 


2. The Projective Plane, the Moebius Strip and The Gnomonic Projection 

Complex analysis does away with the dual division between the positive and negative numbers, by 
representing the extended complex plane in the compact Riemann sphere, and thus the complex 
plane and the real numbers, by construction, become compactified, and in the associated 
stereographic projection, infinity is no allegory but the North Pole, and thus infinity and minus 
infinity become a single point. This point is both positive and negative, and neither one, and thus in 
terms of the Matrix Logic form of the Klein Bottle logic, it corresponds to the non-orientability 
Mobius strip states corresponding to topological and logical superposition [14,15,16]. Hence, by 
recourse of transforming the flat complex plane to the constantly curved sphere, the duality between 
negative and positive numbers becomes surmounted. Thus, the imposition of duality that is basic to 
contemporary approaches to quantum mechanics, is left wanting, since the number system which is 



basic to it, is not dual, when represented in the Riemann sphere. Yet, we can use this sphere, by 
further identifying the antipodal points through the sphere’s origin, thus yielding a compact 
representation of the projective space. In this case, infinity is again no allegory for divergences, but 
the Equator. In fact, now we have embedded in the sphere, with antipodal points identified, the 
Mobius band, so non-orientability is the case, locally. 



Figure l.Two points at opposite ends of a sphere 
are called antipodal points. On the edge of a 
hemisphere there are countless anti-podal points. 
All antipodal points on the edge of the hemisphere 
made by central projection from the ground must 
be identified. That is, the ground that is spreaded 
infinitely has something like antipodal points. 
Such plane is projective plane. Though a visual 
model of the entire projective plane can not be 
made, we can get a part of it by cutting the 
hemisphere like the yellow belt. It is a well- 
known Mobius strip 




Look at Figs. 2 (courtesy of T. Ito) [1]: The red spot is the center of hemisphere O. The black point 
S is its bottom (South Pole) where the ground plane touches. The green line Jdis a straight line 
drawn on the ground. The edge of the hemisphere O is the line at infinity. The sky blue lines are 
projection rays from the green straight line Jd to the surface of the semisphere. The red line PP’ is 
the projected line that is a great circle. Point a is the middle point on line PP’. This red line PP’ 
should be regarded as a straight line that stretches infinitely. We are going to see what happens if 
we put it onto Mobius strip. [2]: It is the cross section passing three points O, a and S for clarifing 
their positional relation. They are always in the positional relation as shown. At this moment, point 
a is apart from point S and it is not on green line Jd. Naturally, in a case, point a is on point S and so 
is on green line Jd. 
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Look at Fig. 3. [1]: The red spots on the 
edge (line at infinity) of hemisphere O show countless antipodal points. The dotted lines indicate 
that the end points of red line PP’ (= straight line) are antipodal and points t, V and points u, u’ are 
also antipodal. We cut hemisphere O as shown. It is convenient for construction to cut hemisphere 
O in perpendicular to the equatorial plane. But you may freely cut hemisphere O as long as the red 
























line PP’ is in between lines tt’ and uu’. Marks a, b, c and G are to trace points on hemisphere O to 
Mobius strip.[2]: It is a rectangular strip taken from hemisphere O. We treated the cut-out as if it is 
rubber made, and smoothed it flat. Since both end lines, right and left are at infinity, we may regard 
the length of rectangular strip is infinity. But the lines at infinity is that we pulled in our hands [3]: 
The right end of [2] is twisted by 180 ° while the left is fixed. 

We continue to Figure 4. [4]: It is a view from top of [3].[5]: We jointed the end lines of [3] and 
got Mobius strip. The line at infinity is the joint line of Mobius strip, and point a is on the opposite 
side. [6]: We newly cut Mobius strip at point a and flat it. This time, the red line is smoothly 
connected. Thus we caught how a straight line that extends to infinity makes a loop at infinity. And 
the red “straight line” on Mobius strip that is a curved surface keeps its character as a straight line. 
No one knows whether the straight line acts like this at infinity or not. However, we feel nothing 
illogical. Naturally, It is based on an idea that there actually exists what is called infinity and a 
straight line can be stretched to that infinity. 




So far we have seen how the non-orientable Mobius strip is locally embedded in the projective 
plane and that infinity has a well defined meaning. Yet, the projective geometry is associated to 
hyperbolic geometry. Indeed, consider Figure 5 (courtesy of T. Ito): 




Two pairs of parallel lines now.[l]: We have to cut the hemisphere so widely that two pairs of 
parallel lines are contained. On the ground the red parallel lines are just under the hemisphere but 
the blue parallel lines are off to the side.[2]: It is the bird’s-eye view of [1].[3]: It is Mobius strip 
made from [2]. It is drawn to show both of the line at infinity and the area where the two pairs cross 
each other are facing to us at a time. On the line at infinity, the red parallel lines meet at point a and 
the blue parallel lines meet at point b. The distance between points a and b is infinity though it is 
visible. Therefore we have to regard not ony the length but also the width of Mobius strip as 
infinity. There is no ordinary distance on the line at infinity. 
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Figure 6: [1]: It is in case that the length of edges of the rectangular strip is identical to that of 
Mobius strip. 0We mark the rectangular strip into n equal parts, and draw the green center line. 
Points P, Q are to be connected for Mobius strip so that they are marked with °for attracting 
attention. One side of the edge of rectangular strip is colored in red to see which is which part on 
Mobius strip. ©The marked lines are broken at the center line. They shall be smoothly curved if 
we draw them accurately. But we omitted on purpose for attract attention. Compared with the 
rectangular strip.®, the figure is enlarged.® It is a bird’s-eye view. ® It is the view around 
points P, Q from the left. Marks are leaning to one side. Only mark ab is perpendicular to the edge. 
It is quite different from paper-made Mobius strip. © Points on the edges and center line of the 
rectangular strip ®and Mobius strip correspond each other. But the length of their marked lines 
are quite different except line ab. So we shifted edges of the rectangular strip to right and left as 
shown. Now we possibly say that the length and angles of marked lines on the rectangular strip ® 
and Mobius strip are identical. However, if we make a paper-made Mobius strip with this kind of 
parallelogram, it will have no smooth edge but a cusp at the joint. So to actually construct a Mobius 
band a parallelogram will not do. Instead we need a trapezoid, as originally proposed by Mobius 
himself. 



Figure 7. 

This time, first we draw Mobius strip, and then we cut and open it as a rectangular strip. 
0The green center line is a circle. Its center is O. Every notch line is perpendicular to the green 
center line at regular intervals of n division which is similar to [1]. Notches may look coarse but the 
number of them is the same as that of [1]. ©It is a bird’s-eye view. <9is the angle of notches. See 
In [1] lengths of the red edge and black edge are the same as well as the rectangular strip. But in [2] 
it isn’t. In the figure the length of black line is one and a half times as long as the red line. 
® It is the view around points P, Q from the left. Nick PQ is perpendicular to the edge. So is ab. 
0 it is what we cut and opened Mobius strip while keeping the length of edge with notches. It is 
formed into a trapezoid and the length and slope of notches lines are distorted.This distortion is of 
great physical import. Indeed, while the fundamental rule of the sum of vectors, say forces, on 
Euclidean space is valid in the case of the parallelogram, in the case of Mobius strip, i.e. the 
trapezoid, this is no longer the case. In fact, this is shared by spaces with torsion, in which 
parallelograms do not close so that the sum of two vectors does not yield the diagonal, because the 
diagonal itself is ill-defined. Thus, instead in the non-closure of the parallelogram formed by the 



































vectors u P and y P at P and their parallel transport, u R at R and v Q at Q, a fifth side T(u,v) closes 
the infinitesimal vectors. Prolonging T(u,v) to the line joining P and Q, we have the trapezoid 
whose completion is depicted in red. 



3.The Self-referential Torsion Geometry 


Figure 8. The infinitesimal 
parallelogram of vectors drawn in black 
does not close, the torsion being the 
fifth side closing the otherwise open 
parallelogram. We prolong it to draw in 
red the trapezoid naturally introduced. 



Observe figure 9. We introduce torsion by shear in a lattice; in the rhs by a caterpillar moving in the 
surface of a perfect crystal. In the lhs we have a perfect lattice, as is the case of a discrete space- 
time rendering of the homogeneous spacetime of General Relativity, but in the central area in 
which a dislocation is the case. We see then the transition from parallelograms that close (null 
torsion as in General Relativity), to non-closing and the formation of a fifth side, the torsion field. 
Figure 9 shows the meaning of torsion. In an otherwise perfect crystal (whose vertices are described 
in red), i.e. one free of inhomogeneities (in practice, difficult to achieve) an edge dislocation is 
produced, either by removal (i.e., introduction of singularities) of atoms of the crystal, as the figure 
shows, or by introducing extra material, in short, both inhomogeneities. Torsion can be introduced 
by shear (i.e. the relative motion of two planes) as figure 9 shows. Think of a caterpillar which 
moves a lattice a step at a time, and the shear produces the torsion of the crystal; this shear produces 
a vortical motion on the vertical plane to the shearing plane under the .mixing of layers for small 
that in can be. Another analogy is that of a rug, which moving in the perfect background of the 
homogeneous crystal; local changes affect the whole structure; the analogy strikingly applies to the 
crease (the folded rug) formation in the gastropore invagination in Embryology [9,10]. It can also 
be produced by a hole in the surface, producing an embryological expansion wave. Thus, it is an 
action-dependent participative geometry introduced in terms of inhomogeneities by the subject, say 
the caterpillar, or more basically the photon. This stands in stark contrast with the homogeneous 
situation of a Cartesian ideal geometry exterior to the subject, which corresponds in the continuum 
limit in which the atoms of the crystal approach indefinitively, i.e. the continuum hypothesis of 
Einstein, which due to the lack of a singularity, it corresponds to the zero torsion metric-based 
geometry of General Relativity. In short, to have loci, self-referentially dislocations are needed; 
these are the inhomogeneities that make a geometrical locus. The most basic dislocation is produced 
by a photon, a quantum particle, a singularity of an electromagnetic field. The parallelograms where 
inhomogeneities are present do not close ,while in the perfect crystal do close, indicating a self- 













referential trivial loop; by default is indeed a loop, i.e. closed without mediations. Instead, in the 
former case a pentagon is produced. The fifth newborn side at the upper right side of the center, 
joining Q’ with b, is the torsion -the self-referential mediator; it is necessary and sufficient to the 
effect of completing the self-referential closure of the otherwise closed parallelogram; we shall 
explain this further below. As the figure shows in the center, the torsion appears producing a 
trapezoid with vertices P, Q, P’ and Q’, since the upper side is now longer than the lower one. Yet 
trapezoids are themselves Mobius strips cut transversally, say along the line on the Mobius strip 
below joining P (P’) and Q (Q’) below, and laid open on a plane, which by identifying the opposite 
lateral sides PP\ QQ\ on a previously 180° twist of the trapezoid, re-establishes thus the Mobius 
strip, as shown below in figure 10. 



Figure 10: The Mobius band cut along PQ unfolds to the trapezoid in the middle with P on the 
Mobius strip connected to Q’ =Q (the upper side), and Q to P’ =P, the lower side, respectively. On 
the rhs, C depicts the identifications that produce the projective plane, a non-orientable surface.. 
This completion (actually a self-referential mediator), the torsion, establishes a loop, say starting on 
Q goes to P’, continues to Q’, further to P via b (changing thus the direction of this side contrarily to 
the direction of the shear) to finally reach back to Q; we depicted these directions on Figure 
10C.Thus, it is a non-trivial self-referential action, to return to the identity, either on the sheared 
plane or out of it by the vortical twist installing the Mobius strip, depicted by the blue vectors in 
Figure 10C. As a loop yet with its upper and lower sides (drawn with red) now being considered as 
the edges of the Mobius strip, it establishes the characteristic uniqueness of edge of the Mobius 
strip, since the seemingly distinct edges PbQ’ and QaP’, which are transversed with opposite 
directions relative to the shearing motion, become parts of a single cycle; otherwise stated, this is 
the 2:1 harmonic. Thus, would we finally identify them topologically with their opposite directions 
as in Figure 10C with sides drawn on red, we get the projective plane, rather than the Mobius strip. 
In the case of Einstein’s General Relativity, the closedness of the loop is by default, since zero shear 
is assumed and thus, the torsion Q’b does not appear if not the null vector, and thus the trapezoid 
collapses to a parallelogram. Would the fifth side Q’b, be equal in length to the other four, we 
would have the five-fold symmetry typical of quasicrystals and thus the Fibonacci sequence is 
embedded in this symmetry and a fortiori, the Golden Mean, ®. As a final comment, while Fock 
noticed that in its dependence on metrics and covariant transformations of mathematical expressions 
on terms of which Einstein formulated his Theory of Gravitation had left unconsidered the problem 
of spacetime being uniform or not (see page 6 [111]), we clearly see that its implicit claim was that 
of uniformity 


4. Hyperbolicity and Nonorientability of the Mobius strip 

Hyperbolic geometry was introduced by Lobachevsky to lift the Euclidean axiom that parallel lines 
do not meet, as we already saw in the definition of torsion, the parallel transport of two vectors will 
not produce a parallelogram, so without any need of taking Lobachevski stance, parallel lines will 
intersect if the rule for parallel transport, i.e. the connection with torsion, is the case. Yet, it is 
related to projective geometry, in which appears related to lines at infinity. We want to dispel the 
ambiguity and elusiveness of this notion of infinity, relating it with the Moebius strip and the fact 







that infinity, as currently used by mathematicians and physicists alike, and no less to philosophers 
is a figure of speech, that can be found to have a more sense than that of the figure of an allegory of 
an unbounded growth. In mathematics and physics in which appears in various guises, as 
divergences, the idea of a transcendental unknowable imaginary world somewhat related to the 
material world of physics and everyday, in the continuity of real numbers, in particular in the non¬ 
denumerability and non-compactness of them, and still in the issue of non-computability that has 
arisen in such diverse fields as complexity theory, consciousness studies, etc. [109]. 

To do this, we start with projective geometry and the so-called gnomonic projection which is the 
fundamental operation for its construction. 


N 



Figure 11: The gnomonic and stereographic projection of projective geometry and complex 
analysis, respectively. 

We already introduced the gnomonic projection in figure 1. The gnomonic projection is a 
nonconformal map projection obtained by projecting point P ± or P 2 on the surface of sphere from a 
sphere's center O to point P in a plane that is tangent to a point S. In the above figures, S is the 
south pole, but for the gnomonic projection can be any point on the sphere. Since this projection 
obviously sends antipodal points/\or P 2 to the same point P in the plane, it can only be used to 
project one hemisphere at a time. This is the why in Figures 1 and 2, we have also used the lower 
hemisphere. In a gnomonic projection, great circles are mapped to straight lines as shown in figure 
1. The gnomonic projection represents the image formed by a spherical lens, and is sometimes 
known as the rectilinear projection. It is to be distinguished from the (conformal) stereographic 
projection of the Riemann sphere, in which the point of projection is the North Pole replacing the 
center 0, and the contact point with the surface can no longer be arbitrary but the South Pole, 
identified in the complex plane S as the origin of the complex numbers. The naming of the 
Gnomonic projection comes from the Greek gnomon, the pedestal of a sundial (solar clock), which 
indeed it is not placed on the centre of Earth but on any arbitrary point of its surface, and by which 
the shade of the Sun projecting on a surface would be marked to identify the time of the day. It was 
this projection which was used not only to keep track of the time of the day, but the tracking of the 
seasons due to the precession of the equinoxes derived from the wobbling of Earth’s inclined axis 
further moving along the circumsolar elliptic orbit. The overall graph of this annual projection is 
the Analemma, the Moebius strip projected on the surface of Earth. 











Figure 12: On the lhs a sundial produced by the shade of the Sun’s projection on the gnomon, 
placed at the center of the device. In the middle, we see the figure 8 of infinity (the Analemma), 
produced by the circumsolar rotation of Earth due to the wobbling tilted axis of rotation, on the 
elliptic orbit around the Sun. In the rhs the superposed annual photographs of this effect as captured 
by a camera lens placed in a fixed point and in a fixed direction, as in Figure 11 
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Fig. 13: The precession of 
the equinoxes produced by 
the circumsolar tilted 
wobble of the Earth's axis 
along the elliptic path of 
the centre of Earth; the 
angle of tilt and the 
eccentricity of the orbit 
are periodic variables, 
crucial to creophvsics. 


We return to the gnomonic projection to introduce the issue of infinity in projective geometry and 
the Mobius strip. 




Figure 14: The gnomonic projection and the line at infinity. 

So we imagine the projection of a point 0, which now places the role of the centre of the sphere 
which we remove and still we take for the surface on which we practice the projection, to be a 
section of the tangent plane to Earth’s surface.. The camera is the projection center and takes the 
picture of triangle A’B’C’ on the ground. This ground is supposed to be the tangent plane. The light 
green area is the view from the camera. Black rays from the camera indicate stereo area (pyramid) 
of the viewfinder. The square board fitted to black rays is to show what we can look through the 
camera. Let us call the square board the -screen. The photo of triangle A’B’C’ on the ground is 
taken as triangle ABC on the-screen. Blue rays are projective lines of vertices of triangles. Consider 
now a pair of parallel lines on the surface and we lift them as if derived from the gnomonic 
projection of two lines drawn in red. These lines do intersect, in fact they do so on the horizon, on 
which we place the vertex/intersection point, with the horizon drawn in light green and the sky in 
light blue. Thus, the horizon which in projective geometry is called the line at infinity is not such 
line in the actual world in which the tangent plane ceases to provide a good approximation to the 
surface of the sphere. It is neither an imaginary line, but in the definition of mathematicians, as we 
already saw in identifying the line at infinity in the gnomonic projection as the equator of the 
sphere. Instead of the elusive imaginary line at infinity, we can identify it in the panel screen as the 
boundary between Earth and sky. It is no line at infinity at all. It can be thought as the manifestation 
of the non-local embedding of the Mobius strip on the projective plane, as we discussed at the 
beginning. 







So again, what physicists would name a divergence, has a very concrete manifestation, and the 
very notion of infiniteness is called into question. Of course, we can take the camera’s eye for the 
North Pole instead of its substitution for the center of the sphere, and the conclusions still apply to 
the stereographic projection; thus the conclusions do not require we have a conformal 
(stereographic) nor a non-conformal (gnomonic) projection. In fact, for visual perception, in which 
the centre of the retina plays the role of the point of organization of incoming light, it is the 
conformal mapping that applies, as we shall discuss below. We have already seen that the 
antipodal identification that is the case of the gnomonic projection, produces the Mobius strip, in 
which the line at infinity is precisely the line on which the Mobius strip is produced by the twisted 
identification of antipodals along a section of the equator/line-at-infinity. Let us see how is this 
further related to the actual asymptotic hyperbolic discontinuities on the real plane, which as we 
shall see, become continuous in the Riemann sphere by introducing the one-point compactification, 
and it is related to the non-orientable Mobius strip structure of the complex plane itself, which in 
the case of visual perception, it is related to the complex logarithmic map as defined on a Mobius 
strip instead of its usual orientable domain. 

Consider the gnomonic projection now applied to an hyperbola placed on either a screen or on the 
projective plane as in 2 with the screen placed on top of the equator, which is the line at infinity; for 
the latter note that since the asymptotes all end on the line at the equator, this produces a 
compactification in which instead of discontinuity at the origin, we have a continuous curve so that 
the real positive and negative infinites are identified together with the positive and negative 
imaginary infinites. 



Figure 15. The projection of an hyperbola on the ground which in the case of the figure on the 
middle, rather than a discontinuity on both the real and imaginary axis, they are continuous via the 
line at infinity, which is the equator of the sphere, still identified by antipodal points. Right: we 
have the hyperbolic trajectories associated to the closed time loops in the Godel solution to 
Einstein’s equation (modified from [58]). 



Figure 16 above is to see a full range of a hyperbola placed on Mobius strip. A part of projective 
plane is the Mobius strip. [1]: Cut the hemisphere in Fig. 16 straightly down as shown. 
[2]: Stretch it in the arrow direction by force, and make a belt. [3]: Twist one end (right or left) of it 
half, and glue it to the other, a to a' and b to b'. Then we get a Mobius strip with the hyperbola that 
was in [1]. The jointed line is the straight line at infinity. The red hyperbola is a double-turnd loop 
now. Each asymptote forms a loop and meets with the hyperbola on the line at infinity. 

















Fig. 17 above, is also to see full range of the hyperbola on the Mobius strip. The hyperbola is the 
same as that of Fig. 16 but we cut the hemisphere in another way. [1]: This time, we cut the 
hemisphere in another direction as shown. [2]: Stretch it in the arrow direction by force, and make a 
belt. [3]: Twist one end (top or bottom) of it half, just as we did before, and we get a Mobius strip. 
This time the red hyperbola is not a double-turned loop but a single loop; we shall return to this 
issue with regards to closed geodesics in General Relativity. It is because that Mobius strip is not 
the entire projective plane. 


5.0n turning inside out, the Klein Bottle Surface and the 2:1 resonance 

We introduce the Klein bottle by producing the identifications depicted in the next figure: 



Figure 18: The identifications as they unfold to produce in A the Moebius strip and in B the 
Klein Bottle surface; courtesy of Inductiveload © 

C depicts the folding sequence to 

immerse the Klein Bottle in 3D. In the final picture -courtesy of Theon ©. we see two 
oppositely twisted MBs produced by cutting the Klein Bottle along the longitudinal section; 
conversely, zipping them we obtain the KB. Yet a single MB can be obtained from the KB 


Outside-Outside: 00 



Figure 19: A natural logic of 4 states (the Klein Bottle 
Logic, KBL)which has two digits representation: Inside- 
Inside (represented as 11), Inside-Outside (represented 
by 10), Outside-Inside (represented by 01) and Outside- 
Outside (represented by 00). The mediation states arise 
from self-penetration, absent in the mechanical-dual- 
membrane and in the Cartesian conception of object-in¬ 
space-before-subject, are paradoxical states associated 
to time waves. From the KBL appears the genetic code 
with its 64 elementary codons, and furthermore the 
genome and its association to the mathematical structure 
of the Dirac algebra of Quantum Mechanics [12], 


































Figure 20: Surgery sequence to extract a single Mobius strip from the Klein Bottle. 


Yet, by appropriate surgery on manifolds, we can find that a single Moebius strip lies on 
the surface of the Klein bottle. Indeed, consider [1]: We cut Klein Bottle 0along the green 
line. Then we get Mobius strip [2]: In order to see how the single Mobius strip comes out, 
we separate Klein Bottle with green cut line into "body", "top" and "handle". And we shape 
them into rectangles. Pay attention to that the cut line on the top is twisted by 180 °. So we 
untwist it on the way as shown with the arrow. [3]: Three rectangles are rejointed, and we 
get Mobius strip. The rectangle of the top was untwisted but what rejointed is automaticaly 
twisted again .[4]: It is the series of squares with arrows that represent the cutting above. 
The sequence of surgeries is represented by the figure below: 
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Figure 21: Schematic surgery of the Klein Bottle for extraction of a single Mobius strip. 



Figure 22. Constructing the Klein Bottle from the Mobius strip. [l]:The square with arrows 
Orepresents Klein bottle. We begin with it. First we make a cylinder ©by gluing delta 
arrows. The red lines are just for illustrations. [2]: We try to make a torus-like, but the 
arrows never be in the same direction whatever we twist the tube. It is a well known matter. 
[3]: But bend the tube in U-shape, and the arrows are automatically arranged in order 
without twisting. [4]: Suppose the surface of U-tube is free to go through, and we joint both 
ends of U-tube while keeping their arrow directions unchanged as shown 0. 0is a 
transparent view around the joint.The shape is completely symmetric. [5]: The Klein bottle 
































































































is made for an appearance. But it is not ready to correspond to Mobius strip of [1]. So we must twist 
the tube by 180 ° though arrows are already identified. CD is twisted one. Compare the transparent 
view C 2) with that of [4].[6]: It is a stereoscopic picture of [5]. Observe the black curve in [6]: 
which if continued another 360° turn it turns to be the red line of the top of the figure to return to an 
original point along any such green, red, or black curve. Here we find the topological genesis of the 
720° rotation of the neutron submitted to electromagnetic field, or still, of the double covering of 
the Lorentz group which is the symmetry of the Dirac equation 



Figure 23: twisted Klein bottle 


This also is the fundamental 2:1 resonance of celestial mechanics and of music, to be 
discussed below. Its importance to physics and astronomy, seems to have escaped the 
attention of Moebius, an outstanding astronomer. Indeed, consider the figure 


[3] 


Figure 24: Left: the 2:1 harmonic of the Moebius strip. Right: the protoform of Newton’s 
Third Law. Point P’ lies ontop P, on the other side, modulo 360° turn. 

[1]: The green line is a center line. Suppose the red line expends counterclockwise from point a. 
And it turns back and arrives at point b which is the opposite side of point, so to return to b again 
another complete 360° turn is required. The same is the case of the red line extends one more round, 
it gets back to the started point a. The red line never went across the center line. Nevertheless the 
red line runs both side of the center line. The red line looks like parallel lines when we see them 
partially. But it is not true. Route A and route B are actually a single route. The green line looks a 
median or a central reservation on a road but it does not divide Mobius strip into two. If we cut 
Mobius strip along the green line, its length becomes double. There is no opposite lane on Mobius 
strip. This is the topological origin of the 2:1 harmonic. It is also the origin of a protoform of 
Newton’s Third Law, albeit it does not require, in distinction with Newton’s formulation, a dualistic 
assumption, nor the instantaneous causality. Indeed, consider a normal vector to Mobius strip; if we 
move it along any curve in a 360° turn as before, we would find it pointing in the opposite direction, 
and equal in its length, without the need of an assumption as in the Third Law. Another 360° turn 
will return the vector to the same point and to coincide with its original configuration. Rather than 
having an action and a reaction, in the Mobius strip and in the Klein Bottle, the opposite and equal 
modulus of normal vectors is a resultant of the 2:1 harmonic, not an hypothesis for the foundations 
of physics at large. So it appears that this harmonic is more fundamental to physics than Newton’s 
Third Law, which invokes an instantaneous symmetric causality. As we said before, this is the case 
of the origin of the 4n symmetry of relativistic quantum mechanics, and shows up in the precession 
of the neutron submitted to an electromagnetic field [60]. 

Interestingly, resonances -say in celestial mechanics and chaotic systems- are discussed 
in terms of the 2-torus [110]. , so we want to relate the torus to the Mobius strip and the 





















Klein Bottle to the 2:1 resonance; the latter is already the case, say, of the Kirkwood gaps 
for Jupiter’s periods in relation with the asteroid gaps. The relation is that the 2-torus is the 
double covering manifold of both surfaces. Yet we want to illustrate the meaning of this in 
terms of the 2:1 harmonic. This jumps to the eye on viewing either Figure 24 or 49 . It can 
also be seen in examining a 2-torus, which we assume to be solid, yet the 2:1 harmonic is 
already apparent in Figure 25 [1] below (courtesy of T. Ito): 



Figure 25: Cutting out the Moebius strip from the 2-torus by following the 2:1 harmonic 


[1]: Mobius strip is lurking in the solid torus. We cut the solid torus along the green curve 
by the red knife as shown with an arrow. But the solid torus is not be separated into two. To 
get Mobius strip physically we have to scrape or melt the solid torus away. [2]: It is on the 
way of cutting. We are doing it while throwing unwanted parts off. We will be able to get 
Mobius strip if we continuously cut the torus by two circuits. [3]: We cut the solid torus 
with red knife. It is completed by two circuits. If we start to cut from the upper part PQ, the 
red knife will come to lower side P’Q’ at a circcuit, so that we have to continue cutting one 
more turn. That is why the length of new torus is double. During full cutting, the red knife 
screws 360 °. This 360 ° is what we observed on the surface of Mobius strip. The 
observation direction changes every moment while traveling. And the red knife itself turns 
around the hole of Mobius strip two times. It is similar to that of Earth circumsolar year 
rotation on an elliptic path, as it rotates precessing along its axis; this is crucial rotation 
around its axis, when submitted to an electromagnetic field. 

Returning to the surgery of extracting Mobius strip from the 2-torus, 



Figure 26: separation of the cutting of the Mobius strip from the 2-torus by following the 
2:1 resonance. 

[4]: Suppose the solid torus is rubber made. And we cut it without throwing anything off. 
We get the yellow Mobius strip and a long loop. The long loop is chained to Mobius strip 
and its length is double of Mobius strip. The dark surface a of the long loop was in contact 
with Mobius strip. We can not get Mobius strip alone unless we cut off the long loop 
depicted shortened in [3]: Suppose the solid torus is rubber made. And we cut it without 










throwing anything off. We get the yellow Mobius strip and a long loop. The long loop is 
chained to Mobius strip and its length is double of that of the Mobius strip. The dark 
surface a of the long loop was in contact with Mobius strip. We can not get Mobius strip 
alone unless we cut off the long loop. [3]: Suppose the solid torus is rubber made. And we 
cut it without throwing anything off. We get the yellow Mobius strip and a long loop. The 
long loop is chained to Mobius strip and its length is double of Mobius strip. The dark 
surface a of the long loop was in contact with Mobius strip. We can not get Mobius strip 
alone unless we cut off the long loop, depicted shortened in [5], 

Therefore, to extract the Mobius strip from the 2-torus, we have to cut out the double 
length loop that is produced by the 4n rotation. In other words, the 2:1 harmonic is revealed 
as if embedded in the 2-torus by erasing its trace as an inherent rotation, that is neither an 
internal nor an external symmetry, the latter issue being another of the dualities that physics 
is used to claim to be fundamental. Of course, any astronomical body is extended, and 
manifestly this is the case of the neutron as well, so the elliptic circumsolar motion is that 
of the centre, whose extended motion is indeed that of a solid 2-torus with the 2:1 built-in 
resonance. 

6. Symmetries on the Moebius Strip and Non-orientability in Chemistry and Biomembranes 

We are lead to examine what are the inherent symmetries of the Mobius strip and the Klein 
Bottle, which we shall do next 



Figure 27: Representation of differentiated structures on a Mobius strip (courtesy of T. 
Ito). 

Consider Figure 27: [1]: We slide a cube on the Mobius strip. It is coloured in light and 
shade of red, blue and yellow. If one side is light, its opposite side is shade. Cube a is at the 
start line ss\ We move it while keeping the shade red face is always on Mobius strip. Cube 
b on thw way is showing the three of light colors. [2]: Cube c that has traveled a circuit and 
now at the start line ss’ again. Compared with cube a, it is upside down, right side left, and 
shifted to s under Mobius strip. In chemistry the issue appears, as we already said related to 
enantiomerism, the existence of chemical isomers, which have a symmetry which is non- 
specular but implies a change of chirality. 
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Figure 28: 2D representation of enantiomers in organic chemistry, after Emil Fischer. 












The notation in Fig. 28 is the Emil Fischer’ representation that chemists use for describing 
three-dimensional structures on 2D: a solid line in in the plane of the paper; a dashed line 
points in back of that plane; a wedge to the front. The molecule at left is not identical to the 
one at right; if we superpose a and d, b and c won’t fit; thus, they are called chiral 
molecules, since the hand descriptor of a thumb, pinkie, palm and back, play the same role 
as a, b, c and d., the chemical groups that differentiate enantiomers. The rotation of a three 
dimensional structure on the Moebius strip describes precisely enantiomers. This is crucial 
to the biochemical activity of molecules, and in particular, of proteins [37]; we recall that 
Pasteur discovered the chirality of molecules, which lead him to propose the 
complementarity of form and function in biology, which is known today as the Pasteur- 
Curie Principle, in recognition of Pierre Curie’s work on the subject. Yet, what this 
examples teach us is that the issue of chirality, in general, can be associated with the non- 
orientability of the Mobius strip, or still of the Klein Bottle.. There has been developed in 
the last years, a new paradigm of chemistry, and in particular of organic chemistry, in 
which non-orientable topologies are the very basis of the subject [38], We here recall the 
cyclical structure of benzene. 

Yet, the fundamental issue of turning inside out the charge configuration which is basic 
to the stereochemistry of molecules, is the basis for understanding this paradigm. In an 
early review to this topological paradigm for chemistry [38], it was claimed that "...The 
examination of topological structures is not only intrinsically of great cognitive interest, in 
the sense of the opportunities for realising mathematical entities in a material, molecular 
form. It is no less significant that the actual properties of molecular systems may cause 
behaviour which is topologically indeterminate but nevertheless almost the same as for a 
topologically ideal system/" We notice that this is essentially the same thesis we have 
claimed for biology, and for systems in general [9,10,11,12,14,15]. One of the forms of 
topological isomerism deals with the same issue that cells do, the Outside and Inside 
which arises from the real non-pointlike character of atoms, namely, the set of spheres 
formed by the van der Waals radii of chemically non-bonded atoms in a molecule 
effectively create a closed surface. As a consequence, an atom or a molecule in the inner 
region is unable to pass into the outer region, since it is of finite size. Here we find at an 
atomic level the issue of penetration of biomembranes. The proposed topological 
hypothesis makes no demands on the size of the species or molecules to be transported (the 
migration of large molecules surpassing membranes are known. The main idea is that, at 
least in some cases, no real penetration takes place through the membrane (or the charge 
configuration in the case of a molecule), which is a one-sided non-orientable surface. The 
suggestion in this review is that if a particle Z is firmly attached to a site on the Outside 
of the membrane (or the charge configuration), induces a change in the conformation of the 
surface due to its bonding or some other cause, the site may move ‘inside’ in the sense of 
a Klein Bottle invagination,i.e. Z moves from the Outside-Outside through Outside-Inside 
and Inside-Outside to rest in Inside-Inside, as in Fig. 19. Thus the apparent result is the 
penetration of Z through the membrane, which is actually a consequence of the 
conformational change in the surface which becomes non-orientable—a special kind of 
the allosteric effect, which is conceptually predominant in biology. Biophotons emmission 
due to change of conformation by re-organization of chemical bonding is known in 
biology as chemiluminescence [42,48], ; it is to be noted that chemiluminscence is 
recognized to be the basic process for syntropic (in distinction of entropic) organization of 



organisms using stored energy of chemical machines, and that is the resonant energy 
communication of quantum entanglement in organisms as argued in [39,40,42], Most 
remarkable is the fact that the Klein Bottle logic which includes quantum, fuzzy and 
Boolean logics as subcases, is essentially an entanglement topologic due to the non- 
orientability of the Klein Bottle, so that the quantum coherence of living organisms has in 
this logic a logophysical operator and in biochemiluminiscence a manifestation of 
quantum (topo)logical entanglement associated to stereochemical changes, which we have 
associated with the tensegrity structure of the cell’s matrix associate to the tensegrity 
structure of the cell’s matrix [10].Remarkably, a molecule that can switch both topologies, 
orientable and Mobius strip, without breaking any chemical bonds, has been deviced [41]. 
The Klein bottle topology has been revealed in Inorganic Chemistry [43], while the 
analysis of ‘simple’ molecular conformational data reveals that cyclo-octane rings have a 
Klein Bottle topology. Furthermore, the issue of non-orientable stereochemistries is the 
core of aromatics [44], Sokolov’s prophecy appears to be in the path of realization; also, 
the genetic code is based on the Klein Bottle Logic [12], the codons being the 3-fold 
tensor product of the four states of figure 19 resulting in the codons and anticodons lying 
one-to-one in either local side of a Klein Bottle which is further recurrent to a HyperKlein 
Bottle [9,12]. Therefore, we find already in stereochemistry, the logophysics we are 
claiming for biology. Thus, we suggest that it may be possible that bindings of 
molecules at the membrane can produce conformational changes without chemical bonds 
breakings, that transform its topology from two-sided orientable to one-sided non- 
orientable, as well as that of the molecule, with the production of bioluminiscence. Yet, 
the interior of the membrane as a vacuous interior to a non-orientable bilayer lipid would 
be identical to a massless quantum surface interface that appears in the Klein Bottle 
structure of the periodic table of elements [13], and thus associated itself to a boson field 
which we associated to the torsion photon field [15,19]; we shall retrieve this issue further 
below in examining the wavefronts of Earth’s crustal tidal waves. 

Alternatively, we could think of the bilayered cell membrane undergoing a 
stereochemical transformation induced by adhesion to its boundaries of integrine 
molecules [46], Thus, would a stereochemical transformation through binding at the 
surface of the membrane occur, it would be accompanied with photon emmision of both 
the membrane and the adhered molecule, which would produce an electromagnetic signal 
that would lead to non-local effects both Exterior and Interiorwise, which under the 
topological change from orientability to non-orientability, would lose the dual distinction. 
The extracellular matrix as a tensegrity (i.e. in which tension is continuously distributed 
to the whole -think of the spider’s web) structure. This matrix is connected with the 
cytoskeleton -through molecules known as integrines in adhesion cites of the membrane 
[46] which we proposed to modify the membrane’s topology ; this holonomic system: 
connective tissue, cytoskeleton, nuclear matrix, has been termed the living matrix, and it 
is known that by the piezoelectric effect, electromagnetic fields are produced leading to 
instant signalling across the organism [47]. Hence, it is natural to conceive, unless we 
introduce the Exterior & Interior duality, that the tensegrity structure for the living matrix 
has the Klein bottle logic. This matrix does not only carry energy, but also in-formation, 
and quantum phenomenae are at its roots. This radiation field might be associated with the 
mitogenetic field discovered by A.Gurwitsch [48], which lead to biophotonics as well as to 
the studies of the torsion phantom effect discovered by Gariaev [49]. In our conception, the 
photon is a universal objective-surjective gestalt, which cells have proved to be able to 



self-organize in terms of their ‘perception’[50]; we can venture -following [50]- that 
the cell’s tensegrity living matrix is the gestalt in question and that the signaling to 
which it responds are electromagnetic waves carriers of biophotons. We have identified in 
the bioresonance through biophotons, the source of selfhood [15], which is identified 
as the quantum coherence of living organisms in syntropic self-organization [39,40]. The 
tensegrity structure of cells under differentiation was associated to torsion electromagnetic 
waves responsible for the contraction and expansion waves that determine the tissue to 
result in the differentiation process [10]. In fact, due to the identity of wave-fronts of 
elasticity and electromagnetic felds, this is a tensegrity which is both ruled by classical and 
quantum physics, which we shall further encounter, in geophysics, further below. 

7.The Klein Bottle, two-dimensional signals and the Embedding in four-dimensional space 

The Klein bottle appears as a form of forms for matter, as is the hidden symmetry-topology of the 
Mendeleev table of periodic elements when the stable nuclides are included [13]. The Klein Bottle 
as a 2D surface requires self-penetration for its construction; thus the classical conception of space 
as a container for objects,which is the imperating paradigm in physics and in the sciences at large, 
does not apply to this surface. Instead, the classical (in the sense of space as a container for forms) 
response to this impossibility of constructing the Klein bottle if not by self-penetration, is claimed 
to be surmounted by embedding it in four dimensions, where the self-penetration can be avoided, as 
an abstract construction, albeit one that can not in practice be carried out! 

In pattern recognition through artificial means, analyzing digital photographs, the Klein Bottle 
appears as a form of forms, and its identification does not require an actual 4D construction, but in 
fact, in the artificial case, the construction of a seven-dimensional space, actually a sphere, from 
which the barcodes of the images are revealed to hold the Klein Bottle as a universal pattern 
[27,28]. The topological structure of simple signals in 2D with arbitrary phase and orientation is 
described by a Klein Bottle [30,31,51]; here the notion of a signal is the one in use in the theory of 
communication and image processing, any function (to be encoded/decoded, transmitted, filtered, 
enhanced, decomposed in Fourier harmonics or wavelets, etc.); yet for what we have just stated, 
most remarkably they appear as signals in the sense of wavefront discontinuities already discussed 
which we shall later. 

Indeed, the issue is that fringe signals have a definite orientation (so here is where the boundary 
conditions come in) as opposed to a ID signal, thus introducing a 2D phase, and thus the 
codification of such a signal turns out to be mathematically feasible in higher than 2 dimensions. 
Already given an image of dimension D (D = 2 for ordinary images), a mathematical representation 
of a local intrinsically ID region (i.e. the number of dimensions necessary to describe the signal is 
one), say f{x ) = g(< x,n >), where f is the image intensity function which varies over a local 
image coordinate x in E D , g is a one-variable function, n is a unit vector and < x, n > isthe inner 
product of x and n. The intensity function f is constant in all directions which are perpendicular to 
n. Intuitively, the orientation of an D- dimensional region is therefore represented by the vector n . 
However, for a given f, n is not uniquely determined. If n = - n, g’(x) = g(-x), then f can be written 
as f(x) = g’(<x, n’>), which implies that for antipodals, n’= -n, it is a valid representation for the 
local orientation. 




Figure 29. On the left, a non-unique representation for orientation of images on 2D for antipodals, 
except for a phase shift On the right, the double angle representation of orientation (reproduced 
modified from [51]. This is similar to the case of music perception of the half-octave (tritone); see 
Fig. 57. This duplication of angle is nothing else than using the 2:1 harmonic inherent to the Mobius 
strip and the Klein bottle, in this case to be able to assign a unique local orientation to a 2D image. 

The conditions for representation of higher dimensional signals is as follows. Three 
requirements for a phase representationin higher dimension must be fulfilled. Firstly, the signal 
neighborhood must be intrinsically 1-dimensional. Secondly, the phase representation must be 
continuous. As a consequence of the two first requirements, the direction of the phase must be 
included in the representation. 

Consider a signal f (x) = a(x) cos(0(x)) depending on a 2D phase 0(x). Locally, the phase can be 
described by the linear model as a function of the offset Ax from x, 

0(Ax) ~ 0 + <V0, Ax> = 0 + p<u, Ax>, (1) 

where the local orientation has a direction, V0= pu. Let us here and henceforth assume that f is a 
sinusoid in 2D, i.e. the amplitude a(x) is assumed to be one, and u = ( cos cp, sin (p ). The analytic 
signal for such a sinuosoid takes the form (via the Riesz transform of f), 

r = sin 9 (cos (p,-sin q>), (2) 

where we have fixed the amplitude a to be equal to one [51]. This vector is a sufficient 
representation of orientation for a fixed 0 = 0, but if 0 varies problems occur. The amplitude of the 
signal, here equal is mixed up with the phase and for 0 = 0 the information about orientation is lost. 
Furthermore, , the representation is not unique since identical signals can appear as antipodal points 
as seen in fig. 29. An elegant remedy to the latter problem is, in 2D, to compute the non-linear 
combination of the sinusoids, such that 

r(4>) = sin 2 0 ( cos 2 (p — sin 2 cp, 2 sin cp cos cp), (3) 

where r(cp) rotates with twice the speed; this is known as the double angle representation. This is, of 
course, equivalent to the 2: 1 resonance. 

A representation of the Klein Bottle must satisfy the following identities 
r(cp, 0) = r(cp, 0 + 2tt), 

r(cp, 0) = r(cp + 7i, 271 - 0). (4) 

A Klein Bottle cannot be embedded without self-intersections in R 3 so that the 
representation of fringe pattern requires to transport the self-penetration to a higher 







dimension in which a definite signal representation for orientation can be achieved: one adds 
dimensions to represent as if different, the superposition of singularities of the phase orientation as 
occurs in the cortical visual process (see figure no. which explains why the information of 
orientation vanishes in the phase representation and that simultaneous representation of orientation 
and phase could not be accomplished with only 3 elements. One possible representation of the Klein 
bottle in R 4 is 

r = (sin 0 cos cp, sin 0 sin cp, cos 0 (cos 2 cp-sin 2 cp), 2 cos 0 cos cp sin cp). (5) 

Consider the intrinsically ID signal f (x) = cos(p <u,x>) where u, as previously, is defined by cp, 
and the vectors 

r 1 = (sin 0 cos cp, sin 0 sin cp), r 2 = (cos 0 cos 2 cp, cos 0 sin 2 cp , 2 cos 0 cos cp sin cp) (6). 

These vectors are the first and second Riesz transform of the ID signal f [51]. Consider next the 
composed vector r = ( r 1 , r 2 ); it satisfies eq. (4). Thus, r gives a simultaneous representation in 
R 5 for both amplitude and orientation; the effect of going to a higher-dimensional representation is 
to do away the singularities that may appear in low dimensional, concretely in 2D as the 
paradigmatic case; we have already discussed this issue in connecting hyperbolic geometry to the 
re-entrance of the Mobius strip and we shall later discuss it in relation of the divergences that arise 
with geophysics. In fact the Klein Bottle representation in R 4 is the projection onto the spherical 
harmonics of order 1 and 2 of the ID signal f() = cos(p <u,x>) [51]. 

This is quite remarkable: The form of forms is nothing else than the projection to order 1 and 2 
in the space of spherical harmonics of the sinusoidal ID signal with vector orientation that arises 
from the fringes of intrinsically ID images. Of course, this is not exclusive to images, but to any 
such sinusoidal signal, and specifically, that arises from the fact that the orientation can not be 
uniquely defined on the boundary of the domains under examination, so it is about multivaluedness 
and superposition, which is precisely the essence of the Klein Bottle Logic and its Matrix Logic 
representation, and one of its physical manifestation is the lack of well defined tangential directions 
of wavefronts of hyperbolic partial differential equations, to which we turn further below. 

8. Hyperbolic Spacetime, Time loops and Nonorientability 

The relation of non-orientability to the hyperbolic geometry of General Relativity can be 
approached as follows. It is widely believed that spacetime must be both orientable and time- 
orientable . Arguments are that there is no evidence of a lack of orientability and that a non- 
orientable spacetime would be incompatible with the observed violations of P (parity) and T (time 
reversal) invariance. Yet, these stringent conditions can be relaxed by noting that spacetime 
(modeled as a Lorentzian manifold, and thus hyperbolic metrics are the case) are locally orientable 
(as is the case of the Mobius strip,the Klein Bottle -away of the self-penetration-, and the 
projective plane) while on a non-orientable spacetime ,there exists a closed path along which a 
consistent orientation cannot be defined.; this follows from the definition of orientability and 
topological argument. Furthermore, if spacetime is not orientable, then through every point there 
exists a path on which an orientation cannot be defined. 

These issues are the core of what has come to be considered a revolution in cosmology, i.e. the 
possibility that rather than an uni (single)-verse, the case is that of a multiverse. The connection in 
the multiverse is produced by ringholes or wormholes, namely holes in spacetime connecting the 
inter-universe tunneling . This hypothesis requires the existence of other universes should actually 
require choosing spacetime holes which be (i) non orientable and (ii) convertible into a time 
machine with completely unspecified relative speed between its mouths. One such space-time 
construct has in fact been already studied, in the shape of a Klein Bottle hole [111]. In this case, non 
orientability is guaranteed by the existence of a throat with the topology of a Klein Bottle and it was 



also shown that this space-time can be stable to vacuum fluctuations and is also convertible into a 
time machine with fully arbitrary inter mouths speed. Lensing effects appear associated to the non- 
orientable nature of the connecting Klein Bottle throat. The metrics that support these connections 
are solutions of Einstein’s equations. 

We recall that Goedel introduced a solution of the Einstein equations with cosmological constant 
under the following conditions, as stated by Boeyens [58]: 1) Spacetime is homogeneous and has 
rotational symmetry. 2) (Neighbouring) world lines of matter are equidistant. 3) A positive 
direction of time can be introduced in the whole system. 4).The direction of the time flow is not 
uniquely defined for each spacetime point. 5). Every worldline of matter is infinitely long and 
never returns to the same point; but there also exist closed time-like lines. 6). There are no space¬ 
like three-spaces. 7). There is no absolute time. 8) Matter everywhere rotates relative to the compass 
of inertia. Godel’s solution has been widely ignored because it fails to predict a Doppler redshift, 
does not give a clear definition of the compass of inertia, proposed as rotation axis, and allows 
closed time loops, which as already observed, is the case of non-orientable manifolds.lt was shown 
by Boeyens that these objections are raised if we drop the condition 5), by adding a point at infinity, 
which turns, as already discussed, spacetime to be non-orientable and identifiable as the projective 
space. In Godel’s theory, in terms of this simple alternative geometry, geodesic transplantation fixes 
points on the line element to occur along the double cover of a narrow Mobius strip, as we showed 
in figures 6 and 7 above. In those figures we showed that for the Mobius strip, a point, which 
moves along the double cover, close to one edge, rotates around the central line without 
intersecting, ass depicted in fig. 24.This is what Godel describes as rotation with respect to a 
compass of inertia.Any geodesic in projective Godel space therefore rotates around an inertial 
compass in the same way. The constant separation between symmetry related points determines the 
number of turns before returning to the starting point. To define a non-orientable plane this number 
must be odd. All essential properties are recovered, without loss of generality, by assuming a single 
Mobius strip. On adding points at infinity to all coordinates of Minkowski space, spacetime 
transforms into the projective space, the conformal compactification of Minkowski space-time. 
More important than the precise topology of the modified space-time is that conversion to 
projective space, with five homogeneous coordinates, leaves the gravitational potentials unchanged, 
while the extra degrees of freedom represent the electromagnetic field [59]. The Godel solution 
therefore remains valid. In the geocentric mode, the Universe appears to rotate, as observed in radio 
astronomy, which would imply that Mach’s Principle is invalid, as well as the isotropy of the 
cosmos appears not to be the case. As observed by Boeyens, the time paradox is also resolved in 
projective space. The closed time loops now connect any point, such as P, through involution, to its 
antipode P’ in conjugate space-time. P and P’ are related by CPT symmetry and separated in time. 
Yet, this separation in time is related to another most crucial law, in fact, a topological protoform of 
Newton’s Third Law. Indeed, consider a normal vector placed at the point P on the Mobius band, 
and we rotate it 360° to reach for P’, its conjugate lying in the other side, localwise; now the vector 
points in the opposite direction and certainly is equal to the original vector, but now points out from 
P’, which is the local other side point of P; see figure 24, right .Yet, this identity does not require, in 
distinction to the Third Law, no such assumption on the identity of action and reaction, which are 
not connected by duality no more; this is also the case for the periodic table of elements which on 
inclusion of the stable nuclides appears to have the Klein Bottle topology: In one side we have what 
the dualistic approach would consider an atom of matter, connected under a 360° path on the Klein 
Bottle to an atom of antimatter. We remark that the Klein bottle, can be thought as a section of the 
projective plane of disk type, as we shall discuss further below, while we recall that we already 
showed that the Mobius strip is such a section (see figure 1). 

9.The non-orientable topology of the complex plane and its extension to the Riemann Sphere 

With regards to hyperbolicity in Relativity, consider a pseudocircle on Minkowski space x 2 -(ct) 2 = 
+r 2 ; it consists of two hyperbolas drawn in figure 15 (right). By following the asymptotes of the 


hyperbolas as an involuted closed curve e.g. (A —> B —> A) and C—> D —> C , two Mobius strips 
occur as sections through the projective plane. This path is analogous to the one that lies outside of 
the graph of the tangent function depending we approach, say, 7i/2 from the left or the right, which 
requires to identify +oo and -oo. In terms of the complex plane, this transformation occurs as the 
opening of the Mobius strip into its double covering with the following identifications 
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Figure 30: We fold the complex plane as the double covering of the topological identifications 
depicted above, proposed in [58]: . The folding of the Mobius strip from the extended (by the 
inclusion of oo) complex plane as the double covering of the former; this non-orientable topology of 

the complex can be represented in the Riemann sphere 
in Figure 31, and is also the case of the visual 
topographic map on the brain’s cortex. 


Figure 31: We represent the non-orientable topology of 
the complex plane presented in fig. 30, as the 2:1 
fundamental octave on the Riemann sphere, lifting the 
discontinuity of hyperbolic singularities. 

In figure 30, we have depicted the unfolded double 
cover of a Mobius strip to model the relationship 

between real and imaginary numbers. Continuation of R+ beyond +co at OL proceeds through 1 
at the positive imaginary semi-axis I = +go, with a twist as indicated by the arrows. The conversion 
from M to I happens gradually in terra incognito near infinity. This characterization of the complex 
plane in terms of the Mobius strip invokes a discontinuity and a transformation of the real numbers 
on the imaginary numbers at infinity, which is filled by the action of the Time operator of the Klein 
Bottle Logic, which is the analytical continuation of the reals by a 90° rotation of the real axis to the 
imaginary one, as is the case of the analytical continuation on the time variable. Yet, in the 
Riemann sphere, S, given by the one-point compactification of the complex plane, the continuity is 
intrinsic to the development of the real axis on the imaginary axis. It is produced by moving (along 
a band on the meridian drawn as pointed white dots) from the South Pole/origin along the East 
meridian which corresponds to the positive real numbers until reaching x= 1, y= 0, and up to the 
North Pole/infinity; on reaching the North Pole we give a 180° turn (for which we have two choices, 
an East-ward or a West-ward pointing twist) to this band, to continue with a different orientation 
(drawn as green dots) to the imaginary axis along the corresponding meridian, which now continues 
to the point x= 0, y= 1 , corresponding to V- 1 to further return to the South Pole/origin, thus 


completing the 1 percourse. This is the first half-octave of the 2:1 harmonic of the Mobius strip 
and the Klein Bottle; the motion further rises following the meridian corresponding to the negative 

imaginary axis, up to the North-Pole/infinity, thus starting the percourse ; on reaching the North 
Pole, we give a second 180° twist to the band, which returns to its original orientation/coloured 






























surface, to follow now the West meridian corresponding to the negative imaginaries to complete 

. This yields the second-half octave and the completion of the 2:1 resonance. Since an even 
number of twists on the band have been produced, this indeed corresponds to the double covering of 
the MB, since the latter requires an odd number of turns. It is important to remark, that the 90° 
rotation on the complex plane on S that transforms +1 to V- 1 , corresponds to a 180° rotation from 
the South Pole to the North Pole followed by a motion (another 90°) to the point corresponding to 
V- 1 , and thus the 360° rotation on the complex plane corresponds to the 720° rotation and the 
motion South Pole-real axis-East-real axis-North-Pole-imaginary axis-South Pole-imaginary axis- 
North Pole-real axis-West-real axis-South Pole. We clearly see in this geometrical representation 
the 471 rotation of the double covering group of the Lorentz group, yet furthermore associated to the 
2:1 resonance intrinsic to the Mobius strip and the Klein Bottle, as the transformation of the non- 
orientable topology of the complex plane, indicated by the figure , to the two sphere, whose local 
orientation is inverted twice. It is rather remarkable, that these characterizations have avoided 
recognition before. The change of orientation at oo along the meridians that allow to establish the 
continuity of the transformation between the real and the imaginary numbers is similar to that of 
the tidal forces on Earth’s crust, in which the side pointing, say, to the Moon, with the most 
proximate moving point playing the role of oo, has an orientation opposite to its antipodals. Again, 
we have a 2:1 harmonic associated with this geophysical displacement of the crust, associated with 
the change of orientation of the gravitational attraction on the side of Earth exposed to the Moon, 
turning to repulsion in the antipodal. 

lO.The non-orientable topology and geometry of geophysics: pattern formation 

Earth rotates precessing about its North and South poles axis, with a variable angle, presently about 
23.5 a ; the origin of this precessional motion can be found in the processional motion of a spinning 
test particle (say, Earth) submitted to an exterior gravitational field with torsion [61]. This is the 
origin for the precession of the equinoxes and its signature on Earth is the Analemma; see fig. 12. In 
his Philosophic Naturalis Principia Mathematica Newton modelled Earth’s dynamicst in terms of 
its deformation as an homogeneous fluid body following the hydrostatic principle, and submitted to 
the Sun’s and the Moon's gravitational attraction. In the 18 th century, Clairaut raised the 
homogeneity condition to one of a liquid with fluctuating density along its radius. Later, other 
researchers presumed the body’s liquid to be an elastic and viscous substance. But the conditions of 
its hydrostatic equilibrium and inertial rotation of the planet have lingered up to recently now as 
fundamentals of its dynamics as well as of the other celestial bodies. 

It is currently understood that Newton’s model is faulty. The study of oscillations of Earth’s 
dynamics following earthquakes in 1960, lead to conclude that from the spectral decomposition of 
thousands of modes, only two modes appeared as the main ones: a spherical mode with direction of 
the radius, and a torsion mode normal to the radius (page 45, [76]). Of course, these two modes are 
well known in elasticity theory, yet, there is a most remarkable aspect that has been completely 
unconsidered in the geophysics literature, to the best knowledge of this author. The wave-fronts (or 
characteristics, in the theory of hyperbolic partial differential equations) of the equations of 
elasticity theory, in the linear regime, coincide with the wave-fronts of the Maxwell equations of 
electromagnetism [89], which themselves coincide with the wave-fronts of the Einstein’s equations 
of gravitation, not only for a purely metrical connection [90], but one which also includes torsion, 
since in principle, they contribute in first-order of derivatives to the connection, while the 
characteristics involve second-order derivatives; in this setting, the gravitational field are given by 
harmonic equation. As we discussed in the Introduction, they are the fundamental 
signals/dislocations for the constitution of the physical world, yet they are of a self-referential 
nature. 

These rotational elastic geophysical modes empirically verified are most visible on several 
places, and also appear as cases of the so-called uncorformities of geology, in which newer stratae 


of depositions have surfaced ontop of older stratae, showing a circular time operator. These modes 
are very pervasive on Earth, visible through the naked eye (with the help of Google Earth) 
accounting for a design, and in several instances appear superposed to vortical motions on the 
atmosphere [75]. They appear to be related to harmonics of the fundamental 2:1 resonance, the very 
essence of the dynamics of the Mobius strip and the Klein Bottle. Their discoverer, Harold 
Overton, a retired engineering academic, calls it the Binary Theorem and relates them to the Croll- 
Milankovic cycles of the many-body problem posed by the Sun, Moon, Earth, and the other planets, 
the so-called orbital forcing, of crucial importance to the geophysical cycles [52,77,78,81]. 



Figure 32.Left: Rotational crustal motions, Cafayate, Salta, Argentina. In [76] rotational modes are 
claimed to result from radial density inhomogeneities. Notice the dislocation from the ground 
climbing towards the right, and thus the lack of a well defined tangential direction of the tidal 
wavefront. Centre: Vortex over the Aleutians. Right: Partial view of the Aleutians Islands, a vortical 
crustal configuration, one of many in all scales (courtesy of GoogleEarth), indicating thus the 
existence of a time transformation of astronomical cycles forming Earth’s crustal shapes, related to 
the 2:1 harmonic, and daily-scale climatological cycles, in which the viscosity of the crust and that 
of the atmosphere play a crucial role. 


A proposal is that the Earth is a self-gravitating body. Its matter moves in its own force field 
which is generated by mass particle interaction. The mass density distribution, rotation and 
oscillation of the bodies’ shells result from the inner force field. And the orbital motion of the 
planet is controlled by interaction of the outer force fields of the planet and the Sun in accordance 
with Newton’s theory. We remark two aspects of this proposal: firstly, it is about pointlike 
interactions of material constituents -although it is recognized that the concept of point particles is 
untenable for it produces divergences in the mathematical computations so it is surmounted by 
considering charge densities (see page 52, [76]).) and volumetric forces. Secondly, these volumetric 
forces cannot be reduced to applications to points but produce interior and exterior forces, so it is a 
dualistic approach, to address the formidable problem of the generation of Earth’s shape, meaning 
by this the non-spherical shape, not the morphogenesis of crustal’s shapes, which is left 
unconsidered. In this theory, the gravitational ‘’anomalies” measured by satellites follow from the 
torsion oscillatory modes produced by the radial mass density distribution, as in fig. 32; see section 
6.2 [76]. Other studies have found that the deviation of the hydrostatic gravitational potential due 
to the inhomogeneous density is an harmonic function (see chap. X, [53]); we recall that Fock 
showed that the equations for gravitation were given by harmonic fields [111]. Following these 
studies of modelisation of the interior of Earth, further extended to the crust modelled as a viscous 
fluid with displacement vector d satisfying the Navier-Stokes equations (which is fundamental 
example of torsion geometry with torsion vector given by the velocity of the fluid [62]), we find 
that the displacement vector field is bihamarmonic and its gradient and divergence are harmonic 
vector fields. This shows shows a deep relation between elasticity theory and potential theory (page 
499, [53]) further extend to Maxwell equations and the Navier-Stokes equations and turbulence 
[79,80]; it further shows that the torsion geometry of elasticity, potential fluid-dynamics, and the 




eikonal equations is of relevance to geophysics. For a thorough discussion of harmonic vector fields 
and the gravitational field we refer to chap. X , [53]; 

In this model, we can think of the crust’s morphology, as a frozen (in the sense of kinetic 
energy having transformed to heat to reach a temporary stationary distribution of this fluid 
displacement, which is associated to harmonic vector fields. Yet, the latter are keenly associated to 
minimal surfaces in classical differential geometry, which thus would be an embodiment for the 
morphology of Earth’s crust. 

Kiehn has developed a topological theory for physics in which the electromagnetic signals with 
wavefront discontinuities play a fundamental role, in which evolution of physical systems is related 
to these singularities [95]. He discussed in this setting the relation between a solution of Maxwell’s 
equations of electromagnetism for a complex electromagnetic field, M, due to Bateman [93] and 
minimal surfaces in 4D [108], i.e. mappings on 4D Euclidean space whose position vector, X, is 
harmonic. These vector fields can be represented as Revalued maps F defined on M 4 , given by the 
expression: 

F: (x,y,z,t) = (a(x,y,z,t), b(x,y,z,t), v(a(x,y,z,t) + ib(x,y,z,t))), (7) 

where v= 0(a+ ib) + i ^( a + ib) is an arbitrary complex analytic function of a+ ib. Bateman 
proposed a complex 3-dimensional vector,M = B + iE, with complex electric and magnetic field 
E, B could be used to express both the Maxwell Faraday and the Maxwell Ampere equations for the 
Forentz vacuum as one combined set of complex vector equations. Consider the map be defined by 

(a,b)^(X 1 (F(a+ib)), X 2 (F(a+ib)), X 3 (F(a+ib)),X 4 (F(a+ib)), (8) 

with F analytic, and X k (k=l,2,3,4) harmonic. Define M k = dX k /da - i dX k /db. If M is 
isotropic, i.e. M 2 = 0, and their complex square is not zero on the domain of definition of M, then M 
is defined in terms of a minimal surface which is regular (without self intersections or pinch points). 
Being M complex isotropic, it is a spinor [94,103]. If E and B are real, this is the case except at 
points where E and B are identically zero. If both E and B are complex, then the associated minimal 
surfaces will have 3D images that are not always regular. In general, two dimensional non-regular 
surfaces may have singularities consisting of curves of double points created by intersections of two 
local surface patches, or of triple points consisting of intersections of three local surface patches, or 
of curves of double points which terminate on "Pinch" points within the interior of the surface. 
These three types of self intersection singularities are the only three stable singularities in the sense 
of Whitney. Recall that Whitney proved that any N manifold can be embedded in 2N+1 euclidean 
space, and immersed in a 2N euclidean space. The induced surfaces may be orientable or non- 
orientable. 

If the surface has no singularities, then the surface is said to be regular or embedded. The 
constraint of regularity implies that the surface normal vector never goes to zero over the surface, or 
the induced metric on the surface is always invertible. This implies that are always two linearly 
independent directions on a regular domain of the surface. If the lines of self intersection are 
divergence free on the domain (meaning that they stop or start only on boundary points, or are 
closed upon themselves, then the surface is said to be immersed in 3-Dimensions; the latter is the 
case of the Klein Bottle where the tangential discontinuity to the surface arises from the self¬ 
penetration and can still be embedded in 4D losing its singularities. The points where the 
divergence of the lines of intersection is not zero are defined as Pinch points. Such surfaces cannot 
be immersed in 3-D. The Pinch points are signatures of the fact the surface resides in 4-Dimensions 
(as an immersion), and cannot be immersed in 3-Dimensions. In this loss of regularity, which is 
very much the issue of the theory of hyperbolic partial differential equations and the constitution of 
the material world shapes, we find non-orientability as its signature. 



A flow vector field may have domains where it is irrotational or solenoidal (we already saw 
that the displacement vector in the fluid crustal motion Navier-Stokes model is both), and these 
domains may be separated by a surface. If the surface of separation is a minimal surface, then the 
flow on this surface is harmonic. The minimal surface need not be regular, and may have lines of 
self-intersection. These lines of surface self-intersections (lines of singular double points) are not 
necessarily solenoidal. In fact, the Pinch points are points where the lines of self-intersection 
terminate not on themselves and not on a boundary, but in the surface interior. The Pinch points 
may be viewed as the "sources" of the divergence of the lines of self-intersection. 

In terms of viscous fluids satisfying the Navier Stokes equations, if a velocity field V 
(alternatively the displacement vector in the geophysical model already discussed) started out with 
both harmonic and non-harmonic components, then after the passage of time the flow should reduce 
(by viscous dissipation) to the harmonic components alone. Such is the theory of wakes. This wakes 
correspond in the case of non-regularity of the minimal surfaces to an evolution in which 
dissipation has occurred, reaching to a stable evolution.Indeed, for incompressible fluid dynamics, 
with div V = 0, an initial (perhaps turbulent) fluid velocity distribution would decay by shear 
viscosity processes, such as those encoded by the Navier-Stokes term, vV 2 P = 0. However, any 
components of the initial velocity field that are harmonic, V 2 P = 0, will not decay, and it was 
argued that these components of the initial these components of the initial velocity distribution are 
those that form a residue or wake velocity distribution are those that form a residue or wake. The 
residue velocity fields admit a Hamiltonian representation, and therefore have a persistent 
existence: the initial domain with dimension four has been reduced by the evolution towards 
harmonicity to dimension two, the system organizes as a conservative claasical mechanics 
(symplectic) system. Returning to consider the geophysical fluid model, either by the celestial 
interactions as orbital forcing or by motions arising from the interior of Earth, these stable patterns 
may suffer dislocations which provoke earthquakes, tsunamis, and appears that climatological 
vortices are generated superposed to them [75], and yet they retain their stability due to the 
dissipation of vortical motion in the form of heat, until a new temporal cycle starts another 
evolutionary decay to the harmonic configuration, and so on. 

Therefore, the observable patterns associated to the gravitational field, which as we have seen 
can be interpreted as an electromagnetic field or a viscous fluid, or an elastic medium, correspond to 
minimal surfaces in which their tangential discontinuities, observable features of hydrodynamic 
wakes which can be put in correspondence with those characteristic surfaces of tangential 
discontinuities upon which the solutions to the evolutionary equations of hydrodynamics are not 
unique. Only the robust minimal surface subset, associated with a harmonic vector field, will be 
persistent and of minimal dissipation. 

We consider the equations for space curves in the plane, which are generated by a pair of 
differential equations of the form, 

dx/ds = sin(Q(s)), dy/ds = cos(Q(s)). (7) 

Since the rhs of this system is a unit vector, t(s) it is possible to identify it with the system of Frenet 
in the classical differential geometry of curves, with s being arc length, and n(s) the normal vector. 
The system of derived equation is 

dt(s)/ds = Kn(s)= dQ/ds (cos(Q(s)), -sin(Q(s)), with k = dQ/ds. (8) 

A simple set of solutions can be readily identified: a simple sequence is to be recognized : k = s _1 , 
k = s° , k = s, the Logarithmic spiral, circle, and the Cornu-Fresnel spiral (relevant to diffraction 
patterns and the Analemma), respectively, all of them pervasive in the Earth’s crust, as examination 
with Google Earth will demonstrate (see also [75]). Would we consider the characteristic shapes of 
intrinsic space curves for which the curvature is proportional to an arbitrary power of the arc length, 



k = g(s) = s n , for all positive and negative integers (or rational fractions), of special importance are 
n=l and n=2, 

Figure 33:Left: The Cornu spiral, is the half-year trace of the Analemma. Right: The Mushroom 
wake. The asymptotic involutes in the Cornu spiral as a dipole system are actually reached at the 
time of the equinoxes, when the time seems to stop with the day and night length being almost 
constant during a three days lapse after which the Sun distinctly arises above the horizon initiating a 
new cycle of life. 

Let us show some vivid examples of their crustal patterns: 




Figure 34: Left: Aleutian Archipelago. Centre: Andaman Sea , Indonesia and Philippines (notice the 
subeddies in major eddies). Right: Caribean Sea. (the figures are deformed for lack of space; 
certainly their shape is kept). 



Figure 35: Left to right, the Japanese and Sakhalin Archipelagos and the Kamchatka Peninsula, 
extending Northeastwise to the Aleutians, along a common dislocation curve that extends to 
connect to the East Pacific to run west of the whole American continent and southwise to the 
Northeast of Australia. The tangential discontinuities are visible. 


















Figure 36: Northeast and Southeast Australian Sea; the tangential discontinuities are notorious. 



Figure 37: We follow instead the wave front of Figure 35 in direction of the North to return to the 
North of Asia, or we turn our attention Northwise to next figure: 



Figure 38: The Analemma formed by counter-rotating cells, on the left the Himalayas for its 
southern boundary, on the right China and Mongolia 
























Figure 39: Left, the counter-rotating Analemma: Corsica and Sardegna, yet on a larger cell 
comprising the centre and south of Italy. Right: Galaxies NGC 1409 & NGC 1410 (courtesy of 
NASA). 

Or we can change the scale to regard 



Figure 40:Left and Centre, a tidal wave: The Wave, Paria Plateau Canyon, Vermillion Cliffs 
National Park, and Antylope Canyon, USA, families of Milankovitch rotational cells. 


The present conception as applied for crustal formation has also a theoretical link with what 
what is claimed to be a new paradigm for systemics that stresses the fundamental character of 
torsion and vortical motions and structures (even in economics), in distinction of the linear 
attraction (with spherical symmetry) on points promoted to densities, the gravitational force is an 
eddy motion produced by the gradient of the gravitational potential with constant masses replaced 
by inhomogeneous densities [55,106,107]; more of this below. 

The gravitational force on Earth produced by Sun and Moon, causes its orbital motion; in fact, it 
is this motion the largest effect of that force, which it further produces the deformations on oceans 
and Earth’s crustal surface, Earth’s tides. The main gravitational factor is the Moon and 
secondarily the Sun which accounts for about half the lunar attraction due to the distances; the other 
celestial bodies play a lesser yet still observable role; yet, other very important factor playing in the 
crustal morphogenesis and dynamics, is the amount of heating provided by the Sun, according to 
the Croll-Milankovitch harmonic cycles [77,78]. While on the sea the gravitational attraction 
produces tides that may be as large as 10 m, the crust may move about 10-50 cm, and 10-20 cm in 
coastal areas. 

The lunar-solar gravitational force can be decomposed into a part that is constant over Earth and 
causes the orbital motion, and still a variable on time and space force given by the remainder of this 
decomposition of the gravitational force. Thus we have the total force directed to Moon, the orbital 
force being an average of these forces, which in an approximation equals to the force on the origin. 
Would we substract this net force then we get another form of the gravitational force described in 
figure 41. Now the tidal force is towards and away of Moon and is radially inwards on the other 
sides. This inversion of the direction can be thought as being a change of orientation of the tidal 
force along Mobius strips covering Earth’s crust along the meridians. This pattern remains fixed 
with respect to Moon, and Earth rotates around Sun. This causes the tidal force at each point and 
surface on Earth to be changing on time. So the mass distribution on Earth changes with time. Say, 
for the tidal force produced by Moon placed nearer to the Equator, every point in and on 
Earth,would travel over two bulges and two depressions of the tidal force and thus the period of this 
tide is Q/2 , two cycles per day, i.e. 12 hours. Consider instead that the Moon is placed forming 45 a 
degrees with the equator; thus a point starting in a bulge at A moves after 6 hours it has moved to a 
inward depression at A’ and returns to the original configuration in 24 hours; this is the case for any 
point in and on Earth.The period is now 1 cycle per day, the diurnal tides. If instead we consider the 
Moon to be over the North Pole, then any point on and in Earth would remain in oo. Since rather 
than being fixed Moon is orbiting Earth with a period of 24 hours, we have a combination of the 
three cycles, diurnal, semidiurnal and infinite periods. Thus the tidal force can be represented as a 


Mobius strip inside a toroidal configuration, the latter representing the diurnal tide, and thus we 
have the 2:1 fundamental harmonic. We also have an infinite number of strips wrapped on the 
original one, which account for the unending period. It is quite remarkable that this is identical to 
the topology of the mammal heart, as characterized by the Ventricular Myocardial Band proposed 
by Torrent-Guasp, the similarity stopping short of being an identity on the grounds that the 
superposition of bands to the original 180 a twist that produces the heart, is not infinite. But then we 
recall that neither is the case for Earth on which the infinite cycle is asymptotic not actual, by the 
very nature of the North Pole being a point, i.e. unextended, and thus virtual, while what is 
physically manifest, say in the Riemann sphere, is the change of orientability in the neighbourhood 
of the North Pole., depicted in fig. 31. Thus we find that the gravitational (dominant) tidal forces, 
on the ocean and crust can be thought as distributed along Mobius strips (which we shall later 
propose to be better described by the Cross-cap) and still we find approximately the 2:1 harmonic 
characteristic of the Mobius strip and the Klein Bottle. They are visible on Earth’s crust (and appear 
to have atmospheric associates) with the form of Analemmas of all sizes [75] established in what 
we can identify as the Shepard harmonics f n = / 0 2 n , where f 0 is a fundamental frequency, that 
appear in music perception and its Klein Bottle representation to be presented further below. 
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Figure 41 (reproduced from [59). Fig. A represents the attraction of the Moon (or the Sun) on 
Earth’s crust; Q represents the earth's rotation, which we remark that it is variable, which is of 
crucial importance to crustal configurations due to tides, storms, hurricanes,earthquakes 
[55,105,106], and to climatological Croll-Milankovic cycles [64], of crucial importance to 
paleogeology and paleobiology, and to pattern developments and growth of molluscs, as first 
observed by Leonardo da Vinci [65], . Note that the total force at every point is directed toward the 
moon, and that the arrows closest to the moon are the largest (the difference in arrow length is 
greatly exaggerated in the figure. Fig. B represents the attraction-repulsive tidal forces when the 
constant attraction forces are substracted from the former representation. We remark the change of 
orientation of the tidal force on the crust due to the depressions countering the bulges yet unified 
along meridians in which now the protoform of Newton’s Third Law is the case. Note also that 
rather than an homogeneous force and thus gravitational acceleration, we have inhomogeneous 
acceleration is the case. This is the basis for the geoid, the non-spherical non-homogeneous 









gravitational equipotential surface; variations in the height of the geoidal surface are related to 
density anomalous distributions within the Earth. This validates Newton’s Second Law for a non¬ 
constant mass and acceleration and that gravitation, rather than being a linear force, since the 
gradient for the gravitational potential with densities replacing point masses, generates a stirring 
motion and eddies, as discussed in [55,105,106] coinciding with the volumetric account of [76]. 
These stirring motion and the associated eddies are further related to the 2:1 fundamental and 
higher harmonics, and show up on Earth’s crust and on the atmosphere as Analemmas of different 
scales corresponding to these harmonics. 



Figure 42. The geoid (courtesy of NASA). This shows that the gravitational potential is better 
described by its actions on extended areas, rather than virtual unextended points, the latter being the 
case of current geodesy. Alternatively, the gravitational constant becomes local (non-constant). 
Gravity, as observed on the Earth’s surface, is the combined effect of the gravitational mass 
attraction and the centrifugal force due to the Earth’s rotation. The force of gravity provides a 
directional structure to the space above the Earth’s surface. It is tangential to the vertical plumb 
lines and perpendicular to all level surfaces. 

Consider now Fig. 43: 



Figure 43: Tracing areal elements and motions on the Moebius strip. Right: the Analemma formed 
by tracing the motion of the surface elements on the 2:1 harmonic. 


[1]: Z is the vertical axis that stands at the center of Mobius strip; it stands for the plumb line. The 
point t is moving to t f now under the rotational motion about Z of Earth. A small area at t 
somewhat turns around forward direction tP as shown the red arrow. Simultaneously the small area 
somewhat turns around tV that is in parallel with the axis Z. We can obtain the real twist of Mobius 










strip if we gather these two kind of twists. What we say "real" is the case we see Mobius strip from 
outside. Yet, Z if considered to be the vertical axis of the toms from which we cut the Mobius strip, 
we can further tilt it, as is the case of the precession of Earth’s wobble around the North-South axis 
whose variable tilt is currently about 23.5°. As for the vector P we can think of it as a vector 
pointing in the direction of Earth’s daily rotation or still the circumsolar rotation. Of course, we 
recall that it is the center of Earth that performs an elliptic orbit, yet the rotation of any element of 
area rather traces a 2-torus from which we can extract an embedded Mobius strip, as is the case 
above. Thus, rather than considering single points on Mobius strip for the origin of 2:1 harmonic it 
is elements of areas, i.e. densities, which are subjected to the gravitational pull of Sun and Moon, 
thus producing the crustal, ocean and atmospheric tides. This is consistent with the notion that the 
gravitational potential’s action is not on ideal mathematical points but on actual physical extended 
areas, densities, so that the Newtonian expression for the gravitational force between two masses is 
substituted by two densities, and thus the gravitational potential given by the gradient creates a 
stirring vortical motion, rather than a linear motion as usually conceived. Whatever the angle of tilt 
of Z is with regards to the orbital rotation of area elements, the view from the left of these 2:1 
resonances is a figure 8, i.e. the Analemma, yet not necessarily corresponding to a 2.1 harmonic 
produced by an annual rotation, but rather of cyclic phenomenae on Earth’s crust and in growth of 
natural patterns [56,57]. This captures the two main oscillatory modes previously discussed that 
were found from measurements, yet combined in the two superposed motions described in Fig. 35. 
Let us give now a possible alternative topological description, that still captures the non- 
orientability, and still the fact that the gravitational field may, 
projective spacetime. 

11. The crosscap and non-orientability in geophysics 

Cross-cap or projective plane can be divided into Mobius strip and 
observe relations among the representations of the non-orientable 
the Mobius strip. 
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Figure 44: The cross-cap on the left and its representation on the Moebius strip on the right. Would 
we identify the antipodal points, we get the Klein Bottle, as shown in Fig. IOC. 

®: We divide the disk into eight sectors equally by 4 diameters and color it as shown. The center, 
however, can not be divided by colouring. The end points of every diameter are numbered. 
©: Disk ©became Mobius strip. The center of the disk is a single point, and now it is the center 
line of Mobius strip. Every coloured area corresponds to that of the disk except the center of disk. 
One to one correspondence stands up in the coloured area. 
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Figure 45 (courtesy of T. Ito): Surgery on the cross-cap. 

[1]: Disk-type projective plane is a circle, which we cut the disk into rectangular strips arranged 
around the octagon that surrounds the center of disk, which is excluded. [2]: We join every pair of 
antipodal edges after twist. The twisting directions are made evenly. The black bridge on each thin 
strip is the joint line. Thin strips look like octopus legs. They are Mobius strips. Colours of the legs 
are changed alternately for easy observation. [3]: We make black joint lines free to pass through, 
and we let Mobius strips intersect each other as shown [4]: The octogon is shrunk to a single point. 
It is what the identification of antipodal points of [1] is done. The edges are coloured red in order to 
show that they are diameters of Disk-type projective plane. [5]: We split Mobius strips thinly. We 
assume that they become the diameters.[6]: It looks like an apple, it is made of the diameters. The 
joints of Mobius strips is the segment c now. The Cross-cap representation of the disk-type 
projective was seen to contain along the meridians of the sphere produced by antipodal 
identifications being glued, make of the projective plane a sphere whose meridians are Mobius strip, 
which we assume arbitrarily thin. Yet, on the case of the gravitational stirring force that produces 
the change of orientability associated to the tides, this is no longer the case. Thus, we are lead to 
propose the notion that they correspond to the natural topology of Earth, with regards to tidal 
forces, particularly of its crust, which are crucial to its geophysics. The zonal manifestations of this 
local changes of orientability is the appearance of Analemmas on all scales on Earth’s crust and the 
atmosphere [75]. 

12. BlowUps, divergences and the Non-orientability of Non-linear evolutions 

The existence of time loops as reentrances of systems alike to the Godel solution is by no means 
something exclusive of the hyperbolic geometry of Special or General Relativity, since it is further 
related to the existence of divergences in arbitrary non-linear systems. These discontinuities that 
involve the numerical notion of unbounded growth, is associated with the notion of blow-up, and 
they reflect transitional changes (the blow-ups) of systems described by, say partial or ordinary non¬ 
linear evolution equations. In the science of well posed linear systems, the assumption of initial 
conditions is the backbone for determinism and prediction of future states from the fixed initial 
state; yet linear systems do not have the ability to predict forthcoming transitional changes and the 
establishment of new systemic regimes posterior to them, which are the province of non-linear 
equations. In terms of non-evolution equations, blow-ups embody the destruction of old structures 
and their replacement by new ones. Prigogine already claimed that Einstein’s theory of general 
relativity with its non-linear partial differential equations, lacked the historicity of evolutionary 
processes for the reason that time in the contemporary conception going back in science to Newton, 
is a mere parameter[105]. So the appearance of new regimes is not the exclusive province of non¬ 
linearity, but also of a conception of time which supersedes the mechanical notion of a mere 
additional variable to be compounded with space. Of course, in the theory of non-linear equations, 
the assumptions of initial and boundary conditions limits the ability of the equations themselves to 
account for interesting physics, climatology, mathematics, etc. [55,105,106]. 

Thus the concept of blow-up introduced by Yi Lin and Soucheng OuYang, reflects a very 
general phenomenology. For a given mathematical model, that we assume to describe a system’s 
evolution, which we characterize by u = u(t;t 0 , u 0 ), with t the time variable, that satisfies 







lim t ^ to |u(t; t 0 ,u 0 )\= +qo|, and also, when t -> t 0 , the system in question goes through a 
transitional change, then the solution u = u(t;t 0 , u 0 ) is called a blow-up. For non-linear systems in 
independent time and space variables, the blow-up is defined similarly.The question of this 
transition is what the meaning of oo is, rather than the mathematical indeterminacy that the real 
numbers unboundedness poses. The striking identity of this with the mapping of the double 
covering torus topology of the complex plane of its non-orientable topology as characterized by 
figures 30 and 31 is that the blowup rather than a divergence lifted by the one-point 
compactification of the complex plane represented in the Riemann sphere, it expresses the local 
change of orientability; already Yi Lin and OuYang claimed that the blow-up was equivalent to the 
passage of the system through the North Pole = oo, showing a reversal of + oo to -oo, yet they did not 
identify the relation of this with the topological issue of change of orientability, which we have 
found to be pervasive to science at large. Following these works, it is apparent that the issue of non- 
orientability is also crucial to the so called chaotic systems, as already the 2:1 resonance immersed 
in the 2-torus shows to be the case. Remarkably, oo corresponds to the Mobius twist superposition 
cognitive state in the Matrix Logic representation of the Klein Bottle Logic, since it is both positive 
and negative, and nor positive nor negative, so that the change of orientability on N is the precise 
manifestation of this superposition. Boolean logic true and false states are the projection by the 
Hadamard operator which in this logic is the matrix representation of the Klein Bottle, which by 
further application of this operator, we retrieve the superposition states [14] . We see that oo is not 
associated to Boolean logic, but to the Klein Bottle Logic. This is of crucial importance on regards 
to hyperbolic divergences that arise in non-linear systems, which have been noted that are indeed 
outside of the cognitive realm established by Aristotelian-Boolean logic, as claimed in [55,105,106] 
Thus, rather than problems of indeterminacy of non-linear systems, blowups of non-linear systems 
undergo a change of orientability as the topological signature of the change of regime with the 
appearance of new structures and processes. This reveals a deep meaning of singularities which has 
been overlooked. Yet, non-linearities is the case of vortical motions, as transpires already in the fact 
that the velocity field of the non-linear Navier-Stokes equations of fluid-dynamics is the torsion 
field, whose differential is the vorticity, and still the magnetic field of the kinematic dynamo 
equations of magnetofluid-dynamics. In this case, the vortices appear as a gradient of the velocity 
field of the inhomogeneous shearing motion of proximate sectors of the viscous fluid, and is also 
the case of magnetohydrodynamics [62], where the non-orientability of plasma flows as already 
manifested in solar coronal ejections. 



Figure 46: Solar coronal ejections; in the right the model by the National Oceanic and 
Atmosphereic Administration, underdescribes the change of orientability that is manifested in the 
ejections (courtesy of NASA & NOAA, respectively) 


In this conception, time is unseparable from material inhomogeneities as argued in the theory of 
blow-ups [55], yet this is so because the logic of the physical organization of matter and fields is the 
Klein Bottle logic of reentrances, and this extends to thinking and cognitive processes [9-16]. Eddy 
motions arise from the unevenness of space and materials [55], and the time cycles as occurs in 
Earth’s crust and atmosphere, and the unevenness of time as argued by Kozyrev [67,68,70]: (and 
empirically tested in very different situations, such as rotating tops [69], physiological cycles of 
plants, etc.) in which efficient transformations or kinetic energy to heat occurs, with the 





consumption of kinetic energies establishing an equilibrium between them. But even more crucial, 
this shows that the notion of forces as exterior to systems, in the case of unevenness, is their 
physical manifestation. Yet, more fundamental to them, is the protoform of Newton’s second law, 
embodied in the non-orientability of the Mobius strip and the Klein Bottle, or still, the projective 
plane. Thus, with respect to Newton’s third law, F= ma, as already the geoid shows, the acceleration 
a is no longer constant (but actually an average if considered as acting on an ideal point), nor is the 
mass m, and we rather have than a force applied to a non-extended virtual point of space or 
spacetime, a force that arises from the uneven distribution of a material or space. We can express 
this by saying that Newton’s third law is contextual, and its absolute character resides precisely in 
that the physical constants are not such objective values but contextual variables which are, in usual 
practice, averaged out, losing thus the irregularities that rest at the physics of eddy currents and 
motions. Thus, instead of the gravitational potential, say acting on unmaterial virtual points of 
Earth’s crust as assumed in the more standard geophysics [54],we have the gravitational attraction 
acting on the densities of real non-ideal extended matter distributions. Otherwise, it would be 
impossible to understand how morphogenesis of Earth’s crustal structures and processes occurs, 
which is the case as Analemmas at several scales, and is also the case of the atmosphere with the 
occurrence of vertical structures both crustal as well as atmospheric. Furthermore, as much as the 
Time operator of the Klein Bottle Logic which geometrically is the 7i/2 rotation of the complex 
plane (identified with the cognitive plane) from the real to the imaginary axis, which represented on 
the Riemann sphere is a 3n/2 percourse can also be seen through its action on two cognitive states 
of the Klein bottle logic, which is tantamount to compute its algebraic difference , systemic time can 
be understood associated to the dynamic difference that is embodied in the unevenness of materials. 
Thus, it is possible to understand the systemic time cycles that permeate Nature, and in particular 
the Croll-Milankovic climatological and geophysical cycles that we have argued that they arise 
from the 2:1 resonance of the Moebius strip as Analemmas on the Earth’s crust produced by tidal 
action, or in the atmosphere, as the time operator that is intrinsic to this fundamental change of 
orientability that produces this harmonic resonance. Thus, generically the blow-ups are spinning 
currents which only appear with time, in which non-orientability supersedes the discontinuity 
proper of the divergences. With respect to the well-posedness of the initial conditions with their 
accessory uniqueness, existence and stability of the solutions of the non-linear evolution equations, 
they are not satisfied by nonlinear problems, so that blow-ups will only be avoidable under special 
conditions which are very different to meet in practice. While the curvature of the Riemann sphere 
and in general of spacetime allows for the hyperbolic divergences to be mapped to continuous 
transformations as self-reentrances of the systems in question, as already the Klein Bottle Logic that 
sustains this self-reentrance it is the torsion fields and their topological operations that fold and 
unfold the reentrances of the systems as new regimes that in turn will fade away, numerically 
diverge and transmutate to a new regime. The torsion fields are the vortical motions that embody 
the blow-ups. 

With regards to the thermodynamics, it is very important to remark that on the case of non¬ 
linear systems described by the relations between entropy S, thermodynamic forces X t and 

thermodynamical flows related by the non-linear equation -^ = f(XiJ t ) that extend the linear 

case, and are the usual physical case, it follows that irreversible processes experience a blow-up, 
which signals the self-reentrance of the system following the increase of entropy with a finite time, 
reordering the system with the decrease of entropy [55]. It was argued that the cycles of re-entrance 
of systems is related to the Time Operator of the Matrix Logic formulation of the Klein Bottle logic, 
associated to the derivative of acceleration, control, neglected in physics but which shows up very 
pervasively even in quantum mechanics [55], and still the second-derivative of acceleration, self- 
control [15], which in the case of the Earth’s crustal dynamics appears as the upthrust motion that 
inverts the geological layers, producing the older layers to rest upon the older ones [75]. This 
establishes a non-linear morphology of Earth’s crust and atmosphere, as revealed in the figures we 



have presented above, and the notion of geological time. The latter was the subject of a much 
followed confrontation between Lord Kelvin and Charles Darwin, the latter claiming a uniform 
crust to avail his theory of evolution of species that required small uniform changes of the crust 
[107]. Leonardo claimed that biological patterns of molluscs on Earth were related to the orbital 
forcing due to the Sun and the Moon, which we know to determine the shapes of the crust, and 
paleobiology appears to support Leonardo’s claim [56,57]. 

Therefore, rather than the universe expanding towards a heat death, we have a universe that 
reenters itself or to another universe through a Klein Bottle wormhole, and thus the universe or the 
multiverse establishes an equilibrium through the cycle of destruction and recreation. This is the 
logophysics of all systems [9,10-15]. 

13.Nonorientability, the human heart and vortical dynamics 

The mainstream science model of the human heart claims that the heart (weighing about 300 grams) 
is a pump , which as a vessel its walls have a fixed width, and is capable of "pumping' some eight 
thousand liters of blood per day at rest and much more during activity, without fatigue. In terms of 
mechanical work this represents the lifting of approximately 100 pounds one mile high [88]. In 
terms of capillary flow, the heart performs the task of "forcing' the blood with a viscosity five times 
greater than that of water through millions of capillaries with diameters often smaller than the red 
blood cells themselves! Due to the complexity of the variables involved, it has been impossible to 
calculate the true peripheral resistance even of a single organ, let alone of the entire peripheral 
circulation. One of the key concepts implicit to this model is that blood is naturally inert and 
therefore must be forced to circulate. Remarkably, this conception was expounded by Galileo and 
Leonardo da Vinci, who in his Notebooks depicts the left ventricle wall as having uniform width. 



Figure 47. Left and Centre: by Leonardo da Vinci. Right: In stark contrast with Leonardo, John 
Bell Pettigrew showed in 1874, after mammal hearts were subjected to boiling and thus the fiber 
structures were revealed, the descending and ascending helical fiber structures surging from the 
apex on the bottom of a turkey’s heat -anterior view-, revealing what Torrent-Guasp rediscovered 
almost one hundred years later. Pettigrew further gave a thorough discussion of the relation between 
the twisting motion of the fibers and the physiology of the heart [22,23], anticipating Torrent- 
Guasp [71,72]. He noticed the variable width of the fibres and their importance to its physiology. 
Currently, they are visible in vivo, through magnetic resonance, and studied by the Biomechanics 
Group at Caltech [73]. 

as we expect to find in a pressure chamber ; quite the contrary, the left ventricle wall thickness 
varies by about 1800%, as was found by dissecting bovine hearts[71,72,88]. Furthermore, in the 
pumping conception the blood flow is passively shaped by the heart; this is the Cartesian concept of 
space as a container for objects, which was retaken by Newton and fully developed by Einstein in 
his theory of relativity, which excludes spin which requires torsion for its representation in a gauge 
theory of gravitation of the Poincare group. To question the Cartesian model of the heart, it has 
been observed that the thin, flexible, cone shaped apex and suspension from the aorta suggest the 



accommodation of a twisting function especially, when taking into account the spiral orientation of 
the myocardial muscle layers. We cannot refrain on commenting the strangeness that this elicits 
with regards to Leonardo’s description of the physiology of the heart, since he above all, was the 
master in the study of eddies in fluid-dynamics, designer and builder of canals and hydraulic 
systems, a unique pioneer in observing and representing Nature. On fairness, the limitations appear 
to rest on the preparation of the dissected heart by boiling them, to be able to separate the layers of 
the tissue in dissolving thus the connective tissue. 

The circulatory system can be seen as a transformation from a 2-torus to a Moebius strip at the 
root of the pulmonary artery and back to a 2-torus: tube that becomes at the root of the aorta, as 
depicted in figure 48, left. 



Figure 48: Left: 2-torus to Mobius strip to 2-torus transformation of the circulatory system. Center: 
We introduce the topological model on a paper strip of the Ventricular Myocardial Band by 
Torrrent-Guasp. Start with a ribbon A (the pulmonary artery) on which we introduce a 180° turn, as 
in B, and C is the aorta, to form the apical and basal loops. Right and below: Unprecedented 
dissections by Torrent-Guasp A, transversal cut of the ventricles. B, posterior aspect of the 
ventricles seen from below. The left ventricular cavity is circular whereas the right one is semilunar. 
The right ventricular cavity can not be considered as a true ventricle but , merely, as a fissure, a 
cleft opened in the thickness of the ventricular wall, alike to the separation of the Mobius strip from 
the 2-torus in figure 50 below. We note the iteration of the process covering the original single twist 
with a multilayered organ, the heart. The origin of the loop can be seen in the twist, in from the 
basal loop (in red) to the apical loop (in green) unfolding of the heart without any cuttings 
(photographs and drawings by Torrent -Guasp, courtesy of the Torrent-Guasp Foundation and its 
director, Dr Mladen Kocica 









Figure 49: Left: ‘’Tricuspid valve action seen in a human heart. The segments are folded and 
twisted into each other by a screwing motion (vide arrows m,i,n ) occasioned by the spiral 
movements of the ventricles and the spiral impulse communicated to the blood contained within the 
right and left ventricle” (Fig. 85, page 174, [22].Centre: The fourth layer of helical fibres, showing 
the point in which the external fibers turn to the inside (Fig. 99, [22]). Pettigrew referring to the 
layers: "an arrangement so unusual and perplexing, that it has long been considered as forming a 
kind of Gordian knot in Anatomy. Of the complexity of the arrangement I need not speak further 
than to say that Vesalius, Albinus, Haller and De Blainville, all confessed their inability to unravel 
it", and consequently it was disregarded until Torrent-Guasp’s resurfaced it and elaborated his 
model. In A,B, and C we show the lateral view of the torsion, lengthening and shrinking of the 
layers of the heart (by Torrent-Guasp, courtesy of the Torrent-Guasp Foundation). 



Figure 50: extracting the first layer of the heart in the multilayered heart that arises from the 2-torus 
cut of an iterated Mobius strip 

Consider figure 50. [1]: We present the 2:1 resonance in the elastic 2-torus from which we have a 
Mobius strip in Figure 25. The black curved line is the track of cutting. [2]: The photo is a paper 
craft to show the situation at that time. The red belt is the Mobius strip and the white belt is the 
surface that contacted to it. They are loosened a little for easy observation. The white belt is two- 
sided. So we colored edges brown and black separately. [3]: The picture is taken in different 
direction. T is the section of torus. Finally in the right we present a stack of n paths parallel to the 
2.1 resonance which we can also cut to produce a multitier figure instead of the three-stack figure, 
yet it has one single twist so it is a long Mobius strip, yet with superposed red layers while the total 
angle of turns of the overlayed twisted red layers is 47in. This will be the topological model of the 
Ventricular Myocardial Band which indeed has a single 180° twist yet with superposed layers that 
make the heart’s wall. 

















Figure 51. [1]: The belt painted sky blue is loop A in Fig.2. It is two-sided, and so we can 
distinguish its surfaces by color. [2]: The left parts of loop A are vertically pulled apart from 
Mobius strip B a little, alike the right ventricule in Figure 39. The white surface, rear side, of loop A 
appears now.[3]: Mobius strip B is omitted. The right parts of loop A are horizontally separated a 
little each other. The brown edge is coloured red now for contrast. The twist is 360 ° as long as we 
see this diagram. Roughly speaking, [3] is a coil of duplex winding. Iterating this by taking cuts 
along paths as in fig. 49D will form the Ventricular Myocardial Band. This topological model in 
which instead of paper we consider real elastic myocardial fibers may serve as a basis for a 
mathematical model of the heart in terms of the elasticity associated to the superposed harmonics of 
the iteration. Remarkably enough, the two-fold superposition of a Mobius strip, is a simple model of 
a continuous transformation of spin-one half into spin-2 unification states [95]. 


14.The Non-orientable psychophysics of music cognition on, visual perception and pattern 
recognition. 

Physicists and philosophers have studied visual perception and the geometry of visual space [97, 
98]. The latter was a central issue to the Renaissance (Leonardo and Durer its pioneers), which 
through projective geometry abandoned a trivial plane in which a fusion of object with subject 
operated, aiming to represent three dimensions on the plane. The identification on this plane, of 
object with subject, was the signature of the Middle Ages, evidenced in the lack of depth . Thus, the 
Renaissance introduced depth accompanied by a detachment of the subject to observe the world as 
an outsider, setting the stage and the scenery for Descartes. Llineburg discovered that hyperbolic 
metrics (as in Einstein’s Relativity) for which parallels converge, may describe the geometry of 
distant-object-vision instead of the near-vision Euclidean geometry, and that a psycho-metric 
function dependent on the observer is crucial to visual perception. Thus, a plural visual 
representation geometry (there is a third zone with a distinct geometry) was proposed. Thus the 
Principle of Non-Contradiction, the backbone of the Aristotelian Boolean Logic, is no longer valid 
for visual perception, which requires an interpretative contextualization by the subject, who enacts 
space , rather than the detached Renaissance lived world and its posterior Cartesian formula of 
object-in-space-before-subject. This ambiguity which the dual logic can not account for, is more 
notable in auditory space [99]. Yet the sensory modes have a topographic map representation in the 
body whose topology is the Klein Bottle, which will be presented below and thus its ontology is the 
Klein Bottle Logic, rather than a dualistic logic. 

























The term topographic maps refer to the existence of maps of the sensorial stimuli on the brain. 
In particular, a visual map refers to the existence of a non-random relationship between the 
positions of neurons in the visual centers of the brain (e.g. in the visual cortex) and the values of 
one or more of the receptive field (RF) properties of those neurons. The term is usually qualified by 
reference to the property concerned: thus the term retinotopic map refers to the orderly mapping of 
RF position in retinotopic coordinates in a brain region; orientation map refers to the orderly 
mapping of orientation preference and ocular dominance map refers to the orderly variation in 
relative preference for stimuli delivered to the contralateral vs. the ipsilateral eye. These quantities 
can be assigned to neurons in primary visual cortex on the basis of appropriate tests with 
physiological stimuli such as moving light or dark bars, or sine wave gratings, presented to one or 
both eyes while the activities of cells are monitored with techniques such as extracellular single unit 
recording, optical imaging, two-photon confocal imaging or high resolution fMRI. These are not the 
only quantities that may be mapped: in principle any well-characterised receptive field property is a 
candidate for mapping in any of the visual areas [82]. 

The issue of topographic maps lead Penfield to discover by stimulation of areas of the cortex to 
identify the surface areas of the body associated to them. This lead to identify the existence of 
contralateral (i.e. on the opposite side to another structure) maps of the cortex, one being 
somatosensory and the other being motoric; thus, sensation and action are integrated and seemingly 
lateralized in a feedback loop, yet as if functionally separate in each surface of the hemilateral 
hemispheres. 



Figure 52. Left: sketch of the visual system anatomy (after Gray’s Anatomy); Center and Right: the 
sensorymotor cortex; right figure licensed by eBodyParts3D, © The Database Center for Life 
Science licensed under CC Attribution-Share Alike 2.1 Japan". 


Thus the cortical homunculus was discovered, a topographic 2D map associated to the primary 
motor cortex and the primary somatosensory cortex, i.e., the portion of the human brain directly 
responsible for the movement and exchange of sensory (in the left brain) and motor (in the right 
brain) information of the body. It can be thought as an anatomical-physiological section of the 
integrated sensorial modes on the sensorymotor cortex, whose topographic map has the topology of 
the Klein bottle [29]. 












Figure 53. The homunculus; the apparent distortion of some parts of the cortical coding of the 
sematosensory input is the real distortion. 

One striking aspect of the homunculus, is that on the left and right hemispheres, is the 
superposition of the motoric and sensorial locus. Alike the integrated crosslateral anatomy- 
physiology of vision, which is functionally representable by a Mobius-Klein bottle, with a hole 
playing the role of the X-cross of fig. 51: 



Figure 54. The Mobius Kleinbottle, a posture of the Klein Bottle, is easily constructed using three 
squares. This is themodel described in Lewis Carol's Mein Herr. Two squares are joined together to 
make the twisted MB to finally stitch a third square as in B: Mobius Klein Bottle in C and D. The 
model in C made with three different coloured squares shows the twist in the purple square. In D, a 
model is of the same design and is offered for the reader to sew the third handkerchief onto the 
continuous edge of the Mobius strip. Being afabric with a grid printed on it, the orientation of the 
diagonal and orthogonal weave is revealed. Reproduced with the kind permit of the author [100]. 

The integration of this superposed somatosensory and motoric topographic representations is 
produced by the corpus callosum, and that indeed we have a topological identification of the retina 
with the cortex, is given by the homunculus, while the cross-lateral identification is very much the 
design of the body. But then it natural to hypothesize that the hemilateral superposition of the 
motoric and somatosensory maps have precisely the non-orientable topology of the Mobius -Klein 
Bottle in which we can see each surface as being the local side of the globally one-sided Klein 
Bottle surface. Thus, the integrated feedback of the homunculus is thatof the fundamental 2:1 
resonance. For the physiological integration to occur, two half-octaves are playing it, each of them 
for the motoric and somatosensory cognitive modes, so that low and high frequencies signals are 
processed as if separate to each cognitive mode, and further integrated in the 2:1 resonance and 
superposed in higher octaves. Of course, as well known, both modes occur in quantized time, since 




















elementary time frames both for perception and for action are the case;.As we said before, it is the 
Weber-Fechner law that rules the distinctions in the scales above the elementary thresholds [101]. 
Furthermore, the hemilateral brain asymmetries can be, in this setting, explained by the 2:1 
resonance, since the information has to cross twice the corpus callosum for establishing a cognitive 
frame for integrated sensation and action. Already in the established paradigm for hemilateral 
functional asymmetries, it is postulated that they involve small qualitative differences (as shown in 
the setting of the Weber-Fechner law for just noticeable differences) rather than all or nothing 
differences. 

So the logic of the cortical integration is non-Boolean. In fact, it is postulated that the brain 
asymmetries arise from fundamental physical asymmetries [102], of which chirality is most basic; 
already, chemical chirality can be linked to the non-orientability of the Mobius strip through 
enantiomerism; furthermore, the current paradigm of chemistry stresses the topology of chemical 
configurations; we have discussed this issues above. Returning to the biological development that 
may establish asymmetries, it is postulated that they correspond to different rates of maturation (so 
biological clocks are the case) and the changing embodiment of environmental information, and 
thus, the left brain has an evolutionary delay in the life of an organism to be able to learn high 
spatial frequencies, while the right hemisphere is earlier capable of processing low spatial 
frequencies [102]. Therefore, it seems plausible that an interpretation of evolutionary asymmetry 
can be set in terms of harmonics, and in fact, it was postulated that biological evolution complies 
with the Klein Bottle Logic [9,11] rather than with Boolean logic assumed to be the case by 
embryologists. But as much as the 2:1 resonance of the non-orientability of the Mobius Band and 
the Klein bottle might be the case of the evolutionary history towards establishing functional 
asymmetries, it can also be postulated that the quantized time frames that are related to the actual 
integration of both hemispheres, can also be related to the time lags that occur with respect to the 
functional response to stimuli, and still to sustain the anticipative response to stimuli as in the 
Libet’s experiments, so that anticipation is undisociable from the holonomic character of the 2:1 
resonance that is the case of the non-orientable Moebius and Klein Bottle surfaces. Already in aural 
interpretation of sequentially played half-octaves (the tritone paradox), the holonomity of the 
sensorial response is associated to the non-orientability of the aural map; we shall discuss this issue 
below. 

Returning to the general discussion of topographic maps, the consequences of having multiple 
overlaid maps of different properties were realised by Hubei and Wiesel who speculated that maps 
ought to be superimposed in ways that would allow combinations of features such as eye and 
orientation preference to be equally well represented over all positions in visual space [83]. They 
also speculated that continuity in the layout of columns for different features would minimise 
connection lengths by bringing functionally related groups of cells close together in the cortex. 
These two ideas form the basis for a theoretical understanding of cortical maps that has been 
extremely fruitful [92]. 

In this approach, cortical maps are regarded as a dimension-reducing projection from a set of 
points or manifold in a multi-dimensional feature space onto the 2D surface of the cortex. It is 
noteworthy, that phenomenologically, these topographic maps of the sensorium produce a mapping 
of highly dimensional configuration (actually 6D for visual space, two axes are needed to represent 
receptive field position, the horizontal and vertical coordinates in visual space, two are needed for 
orientation (which is usually represented as a point on a circle), plus another for eye preference and 
another for spatial frequency) to 2D surfaces, so that their analytical structure of and the topologies 
associated to them are keenly related to the way that the notion of a lived world is structured and 
developed. 

Rather than the usual approch in theoretical physics that follows Einstein inception of time as a 
fourth parameter to space, in adding dimensions to account for a phenomenology to later propose 
another related phenomenology to explain why these dimensions can not be empirically tested or 
even not manifest at all, the conception is that although many degrees of freedom may be 



considered, the world as is experienced, notably indicates dimension two. But then an abstraction of 
a primeval distinction or an abstract boundary -which we identified with the torsion field- on a 2D 
plane, allows not only to generate the Lorentz group, but also time waves as imaginary (i.e. related 
to V—T ) logical states that correspond to the self-penetration of the Klein Bottle which occurs in 
3D but does not occur in 4D, would we immerse the Klein Bottle in M 4 erasing thus its self¬ 
penetration. We recall that it was this keeping of the singularities of self-penetration what allowed 
us to represent the complex electromagnetic field as a minimal surface with discontinuities and 
thus represent the shape of Earth’s crust produced by tidal waves, later identified with harmonic 
wavefronts above [14]. 

The axes of the feature space are the parameters which vary in the maps, e.g. retinal position, 
orientation angle, spatial frequency etc., yet, neural networks modeling with non-Hebbian learning 
have repeatedly shown that reduction to 2D is achieved, though different parameter dimensions are 
brought into consideration and that singularities -which correspond to the change of orientability of 
the topographic map- naturally appear in the 2D representation, an issue of the upmost importance, 
to which we shall return The projection is assumed to be made subject to the two constraints 
identified by Hubei and Wiesel: completeness and continuity [82]. Completeness specifies that all 
functionally relevant points in the space should be mapped; this constraint is sometimes 
equivalently referred to as coverage uniformity. Continuity specifies that neighbouring points in the 
cortex should be mapped, as far as possible, to neighbouring points in the feature space. The issue 
of continuity is a most crucial issue to discuss next 

In the case of orientation maps, each neuron in the primary visual cortex respond selectively to 
the orientation of edges and their direction of motion of stimuli presented by luminance gratings; 
this response is a Receptive Field (RF) of optimal orientation. Orientation preference is mapped in a 
systematic fashion across the cortical surface, such that neurons in adjacent columns have similar 
but slightly shifted preferred orientations; each “column” being a flat 2D slab codes for a single 
orientation .The mapping is continuous, and characterized by point singularities, the orientation 
centres at which all orientations from 0° to 180° converge in a pin wheel (i.e. vortical) singularity. 
These maps produce RF profiles of individuals neurons and cortical arrangements of parameters 
relevant to the RFs which are extracted from the RFs profile obtained from the self-organization of 
afferent inputs. Thus, the basis for the maps lies in the self-organization of inputs. The analytical 
basis for these maps lies in the Gabor function R(x) = A exp (-x 2 /2a 2 ) cos( 27if e(0).x -([>) of the 2D 
position vector x; A, a , F and e represent te normalized factor of response strength, width of the 
RF, spatial frequency and unit vector vertical to the orientation 0, respectively. We note here the 
presence of cosine term, which for a 2D signal already produces the Klein Bottle as the spherical 
harmonics expansion, discussed already. In particular, focusing on optimal orientation § and phase 
0, the best fit of the Gabor function with the RFs is obtained by taking the values of the parameters 
with 0 e [ 0,7r], (|) e [0,27i], as shown in the figure 56. The white and black ovals in figure 56 show 
the ON and OFF, of excitatory and inhibitory response of the neuron, respectively, in the RFs 
derived from the Gabor function which occur along the edges of the domain. Remarkably, identical 
configurations of ON and OFF appear along the opposite edges of the domain. Also OFF-flank and 
ON-Centre RFs rotate clockwise along both horizontal edges in the domain from 0° to 180° degrees 
of orientation, while the direction of rotation of the RFs change oppositely in the vertical directions, 
establishing thus the Klein Bottle. Yet, all in and all, it is, in first glance, a Boolean response ON or 
OFF of the cortical cells which supplemented with the states CENTER and PERIPHERY, all 
together four states, produce the four state Klein Bottle logic of the representation of the RFs. 
Indeed, we must remark the paradoxical logic of the behaviour of the response with relation of 
PERIPHERY and CENTRE already noticed by Hubei and Wiesel, in the sense that the antagonism 
of CENTRE and PERIPHERY is non-dual, in that the effect of a stimulus on the CENTRE was 
countered by stimulating a cell in the surround - 4, as if you were telling the cell to fire faster and 
slower at the same time”, i.e. a superposition of inhibition and activation;see [83], page 41. 
Already the boundaries embodied in PERIPHERY have an orientation which will lead to the Klein 



Bottle Logic. The topology of visual space is identical if other degrees of freedom of visual space 
are considered, say, spatial frequency, retinotopic position and ocular dominance are introduced 
[92]. 
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Figure 55: Representation of point singularities in the visual cortex. Each colour represents a 
different radial phase corresponding to an orientation column; Courtesy of Rtang 3, 




Figure 55: Demonstration of the Klein Bottle from the symmetry properties of simple cell receptive 
fields [30,31]. On the far left, receptive-field orientation is plotted on the horizontal axis, and 
receptive-field phase, which corresponds to the layout of excitatory (white) and inhibitory (black) 
subregions within the receptive field, is plotted on the vertical axis. Any combination of orientation 
and phase can be represented as a position within the rectangle. A continuous surface across which 
these parameters vary smoothly can (only) be constructed by joining together opposite edges of the 
rectangle to form a Klein bottle, as shown on the far right (reproduced, courtesy of Nick 
Swindale). The symmetry of the representation on the far left is identical to the representation of 
high-contrast pixel patches statistical analysis of natural images, which are thus found to have the 
Klein Bottle topology as the hidden universal form of those images [27,28]. 

A retinotopic map refers to the orderly mapping of receptive field position in retinotopic 
coordinates in a brain region. Retinotopic maps can be characterized quantitatively by the rate of 
change of position in the cortex as a function of position in visual space, expressed as mm/degree. 
This quantity is known as magnification factor (M). A high value of M means that a large area of 
cortex is devoted to analysing a small region of visual space. In primates, M is highest in the fovea 
and decreases reciprocally with visual field eccentricity. The overall relationship between visual 
field position and position in the cortex can be described approximately by a complex logarithmic 
function w=a\og(b+z ) where w=(v+ry) gives the position in the cortex in mm, z -rei9 , where r is the 
visual field eccentricity in degrees, 9 is the meridional angle in radians and a and b are 
experimentally determined constants. This function, first proposed by Schwartz [26,32], describes 
the type of mapping observed in primary visual cortex (VI) of primates, including humans, 
including the over-representation of the fovea (the centre of gaze) and the tendency for lines of 
constant meridional angle and constant eccentricity to be mapped as orthogonally intersecting 
straight lines on the surface of the cortex. The characterization of neuronal maps via analytic 
(conformal) functions, has a developmental interpretation as potential flows on surfaces, subject to 
boundary conditions imposed by the shape of the surface. Thus, Schwartz applied the Dirichlet 
Principle to demonstrate that the minimization of the average magnitude of the anatomical 

















magnification factor (by unit area) is sufficient to encode the map based on the shape of the 
boundary conditions. In particular, the cortical domain is clearly a rectangular strip, since the 
logarithmic map conformally transforms the retinal annulus to the latter cortical strip. Yet, the 
domain of any branch of the complex logarithm function, implicitly states that due to the domain 
periodicity of the imaginary axis, the orientable 2-torus, is considered to be the case, where the 
implicit assumption is that the complex plane is considered with the usual orientability, rather than 
the non-orientable topology hereby presented. A consequence of this is that the center of the image 
point of the visual map is not conserved but pushed to the boundary of the hypercolumn, so to 
speak, the geometrical-physiological-anatomical center is not kept as an organizing center on the 
anatomical-perceptual topographic map on the cortex which thus becomes asymmetric. But as 
proposed by Schwartz, would we choose for the topology of the domain of definition of the 
complex logarithm, whose principal branch has for domain the non-orientable Moebius strip, then 
this conservation of the center is the case and the symmetry of the image on the cortex corresponds 
to the symmetry of the input on the retina [32],. We recall that the principal branch of the complex 
logarithm, defined on z= re 10 , with 0 e (- 71 , 71 ), so the imaginary axis establishes a 27T-periodicity, i.e. 
is torus-like on gluing along the boundary of the imaginary axis domain. While the multivaluedness 
of the complex logarithm is dealt by defining it on a Riemann surface, which by default is 
orientable (either locally a 2-torus or a 2-sphere), this construction of the domain as non-orientable, 
places the orientable Riemann surface of visual representation as the global 2-torus on which the 
non-orientable Mobius strip is embedded as the 2:1 resonance that unifies both hemispheres, as is 
the case already of the homunculus seen as the trans-corpus callosum integration of the Mobius 
strip of this homunculus to give the seemingly 2-torus topology of the body. Would surgery cut 
across the corpus callosum which integrates both hemispheres, the integration is no longer the case, 
separating the RFs into symmetric parts, as empirically verified [83]. 

15. The somatosensory system and the Klein Bottle 

The somatosensory system embodies the cutaneous surface and pressure receptors enclosed by the 
body surface; thus, the perceptual modalities of it are touch and kinestesics. The anatomical 
constituents are the afferent nerve fibers which originate from the peripheral receptors, ascend in 
the posterior funicule of the spinal cord. It forms synaptic relays in the dorsal column and the 
ventrobasal nuclei of the thalamus, to finally project to a topographic representation map of the 
body in the postneural gyrus of the cerebral cortex, known as the somatosensory area 1. In the 
projections of afferents from the body to the cortex, the nervous receiving system receives signals 
from tactile (cutaneous) and kinesthesic receptors arranged in separate cell columnsss oriented 
perpendicular to the cortical surface. For the cells that compose each modality pure cell column, it 
was ascertained that the peripheral RF of a neuron situated at one depth of a cortical cell column is 
representative of the approximate RF location of all neurons in the same cell column. Thus, the 
same cortical columns that are the cortical arrangement for the topographic maps of the visual 
mode, have a somatosensory correlate. The neurons of each cell column contribute as one unit of 
which the cortical maps are composed. In fact, the cell columns of the two somatosensory 
modalities, touch and depth) intermingle in close proximity as a mosaic made of cell columns with 
RFs interior to the body surface and those representing the outer skin. Thus, they represent the 
functional-anatomical perceptual units in which the exterior world is interiorized to the cortical 
system, which being of the embryonic exterior cells that by torsion folding are brought inside, is 
thus in terms of developmental evolution of the embryo, units that sustain a topographic map from 
the outer world in an inner world which is historically and determinatively also exterior. This 
interiorization which is physiologically reversed as a sensory system, is the embodiment of the 
Klein Bottle (discovered by Werner [29) and its logic, fusing the exterior and interior worlds by 
self-penetration. This is a mapping and realization of the ectoderm 2D surface and depth RFS 
which due to the columnar organization of the sensorium as anatomical-physiological units on what 
is thus a 2D cortex, produces the notion of a body as if 3D on what is in its historical embryological 



development of turning inside-out and outside-in of the embryonic egg, is a 2D phenomenology 
which sustains our idea of a 3D body, and still a 3D world at large. 


16. The topographic visual map, the conformal inversion and non.orientability 

It is quite remarkable the possibility that the identification of the complex logarithm with the visual 
topographic map opens to the characterization of vision also in regards to the anatomy of the eye. 
Indeed, the eye points inward: the photoreceptors point not to the exterior light but inwards. We 
recall that the retina of the human eye is the returning migration to the exterior of the body of 
ectodermal (i.e. exterior) tissue that by torsion folding the development of the embryo constitutes 
the brain. Also, the modular anatomical-physiological unit of the cortex first proposed by 
Mountcastle and retaken by Hubei and Wiesel, the hypercolumn of cortical neurons piled as vertical 
columns (i.e. normal to the orientation of the cortex, which topologically is a sphere) all responding 
to sensorial input as a unit, have for precursors the migration in an early developmental stage of 
radial glial cells forming minicolumns so turning inside out is not only the phenomenae of 
formation of the eye, but also of the cortex [82]. Thus, it closes a cycle in which the exterior of the 
developing organism has infolded to outfold for completion of the mature organism. 

The fact is that the derivative of the complex logarithmic map is the function 1/z, a particular 
case of a Mobius transformation in complex analysis: z—>(az + b)/cz H-d, of one complex variable z 
; here the coefficients a , b , c , d are complex numbers satisfying ad - be f 0. These transformations 
of the extended complex plane, the Riemann sphere S, form a Lie group, isomorphic to the Lorentz 
group of Special Relativity. There is a one-to-one mapping between Mobius transformations and 
Lorentz transformation on Minkowski spacetime [66]; in fact, this is the basis for the theory of 
spinors as elaborated by Penrose [103]. If we take a= 0, b=l, c=l and d= 0, then we get the complex 
derivative of the logarithmic map.Yet, what is truly remarkable is that the Mobius transformations 
acting on a rectangle on the complex plane turns it inside out. In particular, the transformation 
z—>T/z produces the inversion and a reflection with respect to the real axis. Indeed, points outside 
and inside arbitrary circles on the complex plane are exchanged by the transformation z —>l/z , 
where z= r exp(i0 ), and the inversion is completed by a rotation 0—>-0, a reflection with respect to 
the real axis. It is easy to see that a directed segment of a line is mapped onto another directed 
segment with the opposite orientation [66]. If we now translate the results on Cto S, we find that the 
inversion z —>l/z on C induces a rotation of S about the real axis through an angle of n. The 
inversion on C which transforms 0 to oo and oo to 0, swaps S= 0 with N= oo through the rotation of 
n about the x axis. It further transforms a neighbourhood of oo to a neighbourhood of 0. Thus to 
study the behaviour of a map on a neighbourhood of oo we transform to a neighbourhood of 0. That 
means that to study f(z) on a neighbourhood of oo we need to study the behaviour of F(z) = f(l/z) on 
a neighbourhood of 0. This can be used to extend the concept of a branch of a complex function at 0 
to a branch at oo. For example, log(z) has a branch at 0, so that F(z) = -log(z) has a branch at oo. 

Hence, the issue of divergences in real analysis, can, in principle, be surmounted by considering 
a complex extension in which divergences are considered analytically in the neighbourhood of the 
origin; would this be the case, the failure of real analysis criticized in 

[55] would be surmounted by considering instead complex analysis, which is already the case of 
visual perception. 

This swapping of the South Pole 0 with the North Pole oo, would we associate the former to the 
centre of the iris and the latter to the fovea (the retinal point of the projection centre of gaze), 
characterizes the gist of the fundamental operation which transforms the Outside world to the 
Interior world, the transformation of visual perception. Furthermore, vectors on the complex plane 
that have a certain direction, under inversion they have the opposite direction, and on a map 
inversion acts as depicted below. 



Figure 56: Action of the inversion on a map. 

Thus, the inverted orientation of the photoreceptors of the retina, rather than being an anomaly, 
a defect of design, would there be any design in biology, a notion very strongly contested by 
Darwinists, are the very proof of the logic of the eversion by which organisms develop: they 
functionally operate assuring that the Outside world is mapped inside and viceversa. Their logic is 
the Klein Bottle. 

Yet, as a Mobius transformation it swaps S and N, and we claimed to the be the gist of the 
turning outside in of the world through vision. It is by introducing the Riemann sphere, the one- 
point compactification oo= -oo= N, allows to continuously connect N with the imaginary axis by 
introducing further a n twist at oo. In this we see the transformation of Time, that in the complex 
plane rotates the real and imaginary axis, on the Riemann sphere through inversion it swaps S and N 
by a 7i rotation about the x axis but further requires a twist on N to continue to link S with i= V-l as 
depicted in figure 31). 


17. On the Klein bottle psychophysics of Music Perception 

In contrast with visual space which is "out there”, the omni-directional nature of the auditory field 
places the listener still more firmly in space: auditory space is all around - and even inside - the 
listener (depth is thus crucial to language), and the body is much more a participant in space. Thus, 
whereas visual space can give us the illusion of detachment, the auditory mode involves distinctly 
the body of the listener, whose sensorial modes have the Klein Bottle for the topology of its 
topographic maps. In this section we shall deal with music perception, which also has a non-linear 
topology This non-linear structure of aural space was empirically verified by psychologist Roger 
Shepard [86], which he further associated with the double helix, as in the standard model of DNA, 
and became a point of departure in studies in experimental psychology and music. To resume the 
gist of the phenomenon: 1) “Subjects interpret circularity”, i.e. the re-entrance of pitch space on 
itself, “in the frequency doubling at the octaves” this is the fundamental 2:1 resonance, and 2) 
“Subjects interpret tones in an interval having a tendency or tension to move up or down on 
whether it is less than or greater than a half octave or tritone” ([91], page 39 and 40). This is the 
so-called Tritone Paradox [84,85], “which indicates that we perceive pitch intervals as ascending 
when in an interval between 0° and 180°, and descending when in an interval between 180° and 
360°”, the 180° being the twist that produces the Mobius strip, as in the Figure 49. This is the case 
for the perception of two pitches of an octave, presented either sequentially or simultaneously. 
Topologically, this means that the interpretation of pitch as ascending or descending, for an octave, 
can be identified with the Mobius strip, in one local side we interpret as ascending, in the other local 
side, as descending. Already, musicologist Dimitri Tymoczko through mathematical arguments in 
terms of orbifolds, proposed that ordered tones lie on the Mobius strip [87], yet stopped short of 
providing a connection with the physiology of hearing. Roughly speaking, the connection is that 
aural perception (not necessarily restricted to music), as is the case of the sensorium’s codification, 






has the topology of the Klein Bottle , while anatomically, the outer ear has the topology of the 
Moebius strip (which is built-in in the Klein Bottle) and the cochlea has the shape of a Golden 
Number spiral, the generic architecture for harmonics. 



Figure 57. Left: topological representation of the chromatic aural space of an octave given by the 
disk-type real projective plane, represented as disk without a centre. The colours represent the 
synesthesic nature of perception in which the pitches are each associated with a colour according to 
the frequency [87]. Right: we depict without the colours the octave on the single edge of a Mobius 
with the opposite points joined by lines representing the tritone (half octave) perceptual 
identification of the lhs figure of a circular octave. This represents the fundamental 2:1 resonance: 
A complete rotation on the lhs circular pitch space of an octave perceptually translates into two 
complete rotations in the Mobius strip, say D-D#-E-F-F#-G-G# followed by G#-A-A#-B-C-C#-D, 
completing the single edge of the Moebius strip The perceptual space turns to be the Klein Bottle 
surface, on identifying the antipodal points -depicted by lines on joining the antipodal pitches on 
the edge of the Meobius strip- as perceptual identities; the Klein Bottle thus arises as the 
identification of the equally oriented sides of Figure 18 B, since already the identification of 
opposite orientations of the other two sides produce the Mobius strip. These lines represent the 
perceptual identification of the tritone (half-octave). Therefore, perceptual space -according to the 
Tritone Paradox- is a Klein Bottle surface, which has not been acknowledged before. Music 
perception assents to the 2:1 resonance being a lived world. We recall that Kepler, in his 
Harmonices Mundis , created an intricate model of the solar system in terms of music harmonics, 
further related to the Platonic solids, yet this notion of the universal and foundational character of 
music that has been intensively patronized as deeply wrong and misleading [115]. 

18. Forewords 

The theory we have presented has rested in topological considerations and in terms of self- 
referential torsion geometries. The universal relevance of rotational vis-a-vis linear motions has 
been revealed, and spinor fields rather than exclusive to microscopic physics, are universal, as 
claimed by Kiehn [95]. The 2:1 resonance has appeared as a fundamental organizing principle. We 
have shown that the evolutionary generation of stable shapes in terms of wavefronts is related to 
dissipation process, as a form of attenuation of compressibility by dissipating kinetic energy 
through heat. Harmonic fields as proposed in Fock’s theory of gravitation for its foundation have 
shown to be indeed essential even for geophysical morphogenesis. Yet, in terms of the organization 
of structures in terms of the 2:1 and higher resonances, the issue of dampening is crucial. Since 
without these dampening processes, the persistence of the processes and structures thus generated 
would not be the case. Interference must be at the roots of the persistence of these processes and 
structures, since on the contrary, superposition of resonances would lead to their destruction. 

Richard Merrick proposed in his mathematical theory of music and its cognition/ perception, that 
the tones in aural space are produced by a standing wave [93].The Periodic Table of Elements of 





Chemistry of Mendeleev, which following its inception was claimed to be related to harmonics, has 
been proved to be related to Golden Mean spiral dispositions of the natural numbers (representing 
atomic numbers) which can be mapped, to a Klein Bottle topology for the atomic (and their stable 
isotopes) elements of the Periodic Table [58]. Furthermore, this topology implies a unification - 
rather than the duality purported to be a fundamental principle for Physics- of atoms of matter and 
anti-matter as lying in either side of the Mobius strip or the Klein Bottle, which can be mutually 
inter-transformed, alike the unification of pitch as ascending or descending, in the same form. Any 
perturbation to an atom producing radioactive decay returns to the stable O (the Golden Mean) 
structuration on the Klein Bottle of the Periodic Table. Furthermore, the atoms and stable isotopes 
can be generated from a sinusoidal standing wave, as in Merrick’s theory of music. Therefore, the 
torsioned/twisted geometry of harmonics and the Golden Mean, O, lie at the very basis of 
bodyplans (as shown by Leonardo da Vinci in his Man of Vitruvius ), the musical, perceptual and 
physical/chemical world, and further to the genetic code [12], and to the Matrix Logic derived from 
the Klein Bottle Logic [14,15,20]. Furthermore, the natural numbers have been proved to have a 
rotational planar structure [112] that allows for the generation of all the natural and still to identify 
ad negatio the prime numbers. It is plausible to hypothesize that the natural numbers might be 
generated in toto by standing waves, at least already mathematically proved in the case of the 
Periodic Table and music; notably, the stratigraphic Mobius-Klein Bottle Analemma formations of 
geology, are produced by the harmonics of the Sun, Moon, Earth and other planets interactions [75], 
and structures crystalize/sediment with respect to the teleo-logical action of O. Indeed, it has been 
found that the diameters of the Analemmic counter-rotating cells on Earth’s crust and in the 
atmosphere, have for quotient of their diameters the approximate value 1.618 or I/O.. It is 
remarkable that the Cornu spiral, whose duplication by connecting both ways the dipole 
singularities in terms of which the Analemma is organized, were used by Huygens for evaluating 
the Fresnel integrals which show up in the evaluation of the diffraction intensities for the Fresnel 
diffraction of the light from a slit. 

The essential role of standing waves is here evidenced: they provide for the generation, of 
structures and processes, while the Fibonacci sequence provides the meta-algorithm for assimilation 
of disturbances, whatever their domain may be. Indeed, already the photon which is a standing 
wave transaction between emitter and receptor of electromagnetic waves, manifesting as a 
singularity of the wave, biological, musical, geological, etc., yet in the present phenomenology, 
they appear as time waves from which the physical (in the ample sense) world comes to be organic 
(in the sense of wholeness), unseparably from the Klein Bottle, as the logophysics sustaining this 
organicity. In both the aural space and the Mendeleev table, the Klein Bottle embodies the 
organicity (in the sense of holonomy) of aural and atomic/chemical material space and particularly 
of massless particles (photon and neutrino), while O appears as the asymptotics teleo-logical result, 
of the most fundamental meta-algorithm claimed by Johansen [113]. The Fibonacci sequence as an 
algorithm, embodies the physically mensurable relations, of the unfolding fusion of the world of 
thought with the physical world, to reach for stable manifestations; this teleo-logical process is 
reached by interaction with the enviroment, so it is an issue of contextualization, embodied by the 
Klein Bottle Logic. Thus, it is universal, applying to all domains, whether biological, cognitive, 
economical, physical, in the natural numbers, music [91], astro/geo-logical (through the Croll- 
Milankovitch cycles and the Moebius strips stratigraphy,, astronomical (the distribution of planets 
in the Solar System), and chemical/cosmological, as related to the Klein Bottle topology of 
Mendeleev Table . In the latter case, we see that the conformation of periodicity in a graph with 
atomic number N as independent variable and the ratio of number of neutrons to the number of 
protons as dependent variable, where the periodicity of the table appears when the latter ratio 
converges to I/O following the Fibonacci sequence from which a ratio equal to 1 can be 
extrapolated. The latter value corresponds to the formation of more complex atoms starting from 
hydrogen, by the addition of a-particles, under very extreme pressures, say in the interior of a star, 



with a notable structure, which amounts to the turning inside-out of the electron orbital ordering, 
which later, in less extreme pressure conditions, turn to their usual electronic configuration 
proposed early in Quantum Mechanics, while the high-pressure conditions produce a neutron which 
itself has a Klein Bottle topology. A figurative representation of this would be that a spherical 
plasma from which the Solar system was thought to have been born, would have turned inside-out 
to constitute the planets which were further ordered into their present orbits following the Golden 
mean relations through the recurrence of the Fibonacci sequence, while the Sun retracted to become 
the center of the Solar System. So, on the one hand we have that the naissance of atoms from 
hydrogen atoms, the latter being the building blocks of the atoms in the periodic table, by inversion 
of their electronic orbital-like configurations on reaching for their stable organization achieved by 
fusion of hydrogen atoms; this is similar to the case of aural perception in which the sequence of 
tones perception is inverted in aural space in its Klein Bottle topology. So the dual logic is not the 
logic of the evolutionary formation of the material world, but rather a logic in which Inside and 
Outside are fused, the Klein Bottle Logic, which we proved to be the logic of image recognition 
both in the body and in the recognition of natural images taken by digital devices. We have found 
that the turning-inside-out of an ovum, is also the logophysics by which a fertilized egg unfolds to 
become an embryo [11]. Furthermore, in the unfolding of the periodic structure of the material 
atomic/chemical world, basic also to the biological realm, the Fibonacci sequence acts as the 
generative meta-cognitive meta-algorithm which constrains standing waves, by dampening; as we 
already discussed in perturbation of atoms, this self-referential sequence produces their radioactive 
decay to their stable harmonic configurations. This meta-algorithm drives the Plenum to irreductible 
singularities; in the case of the natural numbers to evidence the prime numbers [112,113]. The 
relation between ®, proportions of bodyplans of animals, the genetic code and music was elaborated 
in (Petoukhov & He). But still more important than O’s guidance of body development to the 
proportions of lengths of bones (musical pitches, atomic weights, etc.) is the notion that it might be 
more fundamentally related to the gaps between them (more generically, of singularities) as the 
result of the contextualization with the environment; already the photon as the primeval domain of 
articulation of the physical and thinking realms, generates the Fibonacci sequence. In other words, 
® may be related to the domain of articulation as a teleo-logical feedback guide directing through 
recurrence of the Fibonacci meta-algorithm the unfoldment of the process towards stability and 
holonomic coherence, of music, of the material world as appears to be the case of the Periodic 
Table) and the freedom to move, create and recreate. This is also already the case of the Matrix 
Logic derived from the Klein Bottle Logic, in which the Golden Mean is associated to OR, the 
logical disjunction operator. This conception of the role of harmonics in the case of the gaps of 
bones, is related to the total null torsion of bodyplans, postulated in [64], following work in the 
surmountal of the Cartesian Cut and human gait [63]. Finally, inasmuch the Klein Bottle logic 
arises from the notion of a boundary or distinction (after Spencer Brown) which is subverted by 
time waves motions exchanging the dual states Inside-Inside and Outside-Outside, we have seen 
that whenever a fringe image is perceived, this requires that the multivaluednes of the orientation of 
the boundary, is dealt with the multistate Klein Bottle logic. Therefore, the issue of the discontinuity 
of the boundary value for the fundamental electromagnetic field propagation, has for its visual 
manifestation, the indefiniteness of the orientation of the phase of the signal on the boundary, 
producing thus the Klein Bottle , and for its geophysical manifestation, the Analemmas on the crust 
or still on the atmosphere, revealed in [75]. 
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